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ABSTRACT

Parabolic and Non-Parabolic Surfaces with Small or Large End Spaces via

Fenchel-Nielsen Parameters

by

Michael Antony Pandazis

Advisor: Dragomir Šarić

A Riemann surface supports a unique conformal hyperbolic metric. The geodesic flow

considered in the thesis is for this hyperbolic metric. A Green’s function on X is a harmonic

function u with the logarithmic singularity at a single point z0 ∈ X such that limz→∂X u(z) =

0 ([3]). IfX does not support a Green’s function, it is said to be parabolic; otherwise, it is non-

parabolic (see Ahlfors-Sario [3]). A Riemann surface is parabolic if and only if the geodesic

flow on its unit tangent bundle is ergodic. When the covering group of X is of the first

kind, any topological pants decomposition is homotopic to a geodesic pants decomposition.

To each cuff, i.e.-a boundary component of a pair of pants, there is associate length and

twist. The lengths and twists on all cuffs, called the Fenchel-Nielsen parameters, uniquely

determine the Riemann surface X. Conversely, given an assignment of lengths and twists on

all cuffs, there exists a unique Riemann surface that realizes them.

A Riemann surface with countably many punctures that accumulate to a single topological

end is called a flute surface (see [6]). Consider a fixed standard geodesic pants decomposition

of a flute. When the twist on every cuff is one-half, it is called a half-twist flute. A Rie-

mann surface is symmetric (with respect to a pants decomposition) if there is an orientation

reversing isometry that permutes the right-angled hexagon decomposition of each pair of

pants.

Every flute surface with only zero or half twists is symmetric. We prove that a symmetric

flute surface with only zero or half-twists is parabolic if and only if its Fuchsian covering
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group is of the first kind. That equivalence simplifies the problem of determining whether

or not a half-twist flute is parabolic using its Fenchel-Nielsen coordinates.

Results we obtain in the thesis concerning whether or not half-twist flutes are parabolic

using their Fenchel-Nielsen coordinates extend what was already proved by Basmajian,

Hakobyan, and Šarić ([7]). They successfully characterized the parabolicity of half-twist

flutes with concave length parameters. In the thesis, we do not assume the length parame-

ters are concave, thus completing the problem of determining the parabolicity of half-twist

flutes using their Fenchel-Nielsen coordinates.

Moreover, we study another interesting class of surfaces. Consider a compact exhaustion

Xn of a surface X by geodesic subsurfaces. An end of X is represented by a decreasing

sequence of connected sets Cn such that Cn is a connected component of X −Xn. We say

such an end is accumulated by genus if each Cn corresponding to the end has positive genus.

A Riemann surface X with finitely many ends accumulated by genus is end symmetric if each

end surface, which is a bordered surface with one closed geodesic on its boundary and one

topological end, is symmetric in the above sense. We obtain that an end symmetric Riemann

surface X, such that the cuff lengths of attached genus is bounded, is parabolic if and only

if it has a Fuchsian covering group of the first kind. Using that result, we find conditions on

the Fenchel-Nielsen coordinates of X that determine whether or not X is parabolic.

The Cantor tree surfaces are infinite Riemann surfaces with a Cantor set of ends. In this

thesis we obtain that Cantor tree surfaces are non-parabolic if their length parameters along

every end are between two rates of convergence to zero. Consider two geodesic pair of pants

attached via a single cuff. The result is a level one surface X1. Attach to each geodesic

boundary of X1 a pair of pants to obtain the surface X2. The attached pairs of pants

constitute level two of the surface. Continue in this fashion indefinitely to obtain the Cantor

tree surface X and a compact exhaustion Xn of X. The level n pants of X are the pairs

of pants in the decomposition of the subsurface Xn of X that are adjacent to the boundary

of Xn for n ≥ 1. We call the boundary cuffs of Xn the level n cuffs for n ≥ 1. To make a

new class of surfaces, insert between each level n cuff a surface with two geodesic boundaries
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and genus at most C. One can also choose not to insert anything. Redefine the level n

cuffs to be the cuff between an inserted surface and a level n+ 1 pair of pants. Assume the

lengths of cuffs are decreasing along each end. The result is a blooming Cantor tree surface

X̃. We obtain that X̃ is not parabolic if its length parameters converge rapidly to zero along

every end. The thesis extends the result attained by Šarić ([18]) that X is non-parabolic

when the lengths of cuffs converge slower to infinity, and complements the result obtained

by Basmajian, Hakobyan, and Šarić ([7]) in proving that X̃ is parabolic when the lengths of

level n cuffs are small.
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Chapter 1

Introduction

A Riemann surface X is infinite if its fundamental group cannot be finitely generated. Recall

that a Green’s function on X is a harmonic function u with the logarithmic singularity at

a single point z0 ∈ X such that limz→∂X u(z) = 0 ([3]). If X does not support a Green’s

function, it is said to be parabolic; otherwise, it is non-parabolic (see Ahlfors-Sario [3]). The

classification of surfaces as parabolic and non-parabolic is pertinent since a large number of

equivalent conditions are found in many diverse fields of mathematics (see [3], [5], [10], [12],

[14], [15], [20], [21], [1], [22], and [18]). The following is a partial list of conditions that are

equivalent to the parabolicity of X = H/Γ:

1. the geodesic flow on the unit tangent bundle T 1(X) of X is ergodic,

2. the Poincaré series
∑

γ∈Γ e
−dh(z,γ(z)) is divergent, where X = H/Γ, dh(., .) is the hyper-

bolic distance in H and z ∈ H,

3. the harmonic measure of the ideal boundary with respect to any compact subsurface

vanishes,

4. the Brownian motion on X is recurrent,

5. the surface X does not support a non-constant positive subharmonic function,

6. given any compact K ⊂ X and the set F of all differentiable curves from K to the

boundary at infinity of X, the extremal length of F is infinite,
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ℓ1
ℓ2

ℓ3 ℓ4

Figure 1.1: The zero twist flute surface.

7. the group Γ has the Bowen property.

A topological pair of pants is homeomorphic to a sphere minus three closed disks. If

the boundary components of a topological pair of pants are straightened into simple closed

geodesics, then the result is a geodesic pair of pants. A topological pants decomposition

of a surface is a locally finite decomposition into pairs of pants such that the boundary

curves are non-trivial and homotopically distinct. By [16], every infinite Riemann surface

has a topological pants decomposition. When the pairs of pants in a topological pants

decomposition of a surface are all straightened into geodesic pairs of pants, one obtains a

geodesic pants decomposition.

Consider a fixed geodesic pair of pants with two cusps and one simple closed geodesic

boundary. Attach in an infinite chain geodesic pairs of pants with two simple closed geodesic

boundaries and one cusp. The result is a tight flute surface Xf . When every twist is zero, it

is called a zero-twist flute X0
f (see Figure 1.1). The simple closed geodesics between attached

pairs of pants are called cuffs. The union of the first n pairs of pants is a geodesic subsurface

Xn. These Xn make up a compact exhaustion of X. Denote the geodesic boundary of Xn by

αn and its length by ln = l(αn). Basmajian, Hakobyan, and Šarić ([7]) obtained a complete

characterization of zero-twist flutes. They found that X0
f is parabolic if and only if X0

f has

Fuchsian covering group of the first kind if and only if
∑∞

n=1 e
− ln

2 = ∞.
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A symmetric surface is a surface with a pants decomposition consisting of pants that have

both a front and a back hexagon that are interchanged by an orientation-reversing isometry

of the surface. A flute surface with only zero or half twists is symmetric.

We simplify the problem of determining whether or not symmetric flutes are parabolic

using their Fenchel-Nielsen coordinates with the following theorem.

Theorem 1.1. Let Xf = H/Γ be a flute surface with tn ∈ {0, 1/2} for n ≥ 1. Then Xf is

parabolic if and only if Γ is of the first kind.

Consider a compact exhaustion Xn of X. An end of X is represented by a decreasing

sequence of connected sets Cn such that Cn is a connected component of X −Xn. We say

such an end is accumulated by genus if each Cn corresponding to the end has positive genus.

A Riemann surface X with finitely many ends accumulated by genus is end symmetric if

each end surface, which is a bordered surface with one closed geodesic boundary and one

topological end, is symmetric in the above sense. For each end surface, let βn be cuffs

that cut off a genus one surface with geodesic boundary, and let αn be closed geodesics

that accumulate toward the infinite end. In each torus cut off by βn, we add another simple

closed geodesic γn. We simplify the problem of determining the parabolicity of end symmetric

surfaces with the following theorem.

Theorem 1.2. Let X = H/Γ be a Riemann surface that is end symmetric with the lengths

ℓ(βn) and ℓ(γn) between two positive constants. Then X is parabolic if and only if Γ is of

the first kind.

A half-twist flute, denoted by X
1
2
f , is a flute surface with only half twists. Consider a

compact exhaustion Xn of a half-twist flute X = X
1
2
f . Basmajian, Hakobyan, and Šarić ([7])

used the countable sum of the moduli of the union of two non-standard half-collars to obtain

if
∞∑
n=1

e−
ℓn
4 = ∞ (1.1)

then X
1
2
f is parabolic. If the length parameters ℓn are increasing and concave, then condition

(1.1) is equivalent to both X
1
2
f being parabolic and Γ being of the first kind. Define σn =

3



Xa,b is incomplete

Xa,b ∈ OG Xa,b = ?

Xa,b = ?

a

b

4

4

(2,2)

Figure 1.2: A slice of flutes Xa,b.

ℓn − ℓn−1 + ℓn−2 − ℓn−3 + ...+ (−1)n−1ℓ1 for n ≥ 1.

If
∞∑
n=1

e−
σn
2 < ∞, (1.2)

then X
1
2
f is incomplete and thus non-parabolic ([7]).

To illustrate the difference between (1.1) and (1.2), we define the Hakobyan slice (see [7],

Example 9.9). For any positive values of a and b, define the length parameters of a half-twist

flute X = Xa,b by

ℓ2n = a ln(n+ 1) + b ln(n), ℓ2n+1 = (a+ b) ln(n+ 1)

for n ≥ 1 (see Figure 1.2). The length parameters of Xa,b are increasing but non-concave.

When a + b ≤ 4, condition (1.1) is satisfied, and Xa,b is parabolic. For values of a and b

such that min{a, b} > 2, condition (1.2) is satisfied, and Xa,b is incomplete and thus non-

parabolic. It was an open question as to whether or not Xa,b is parabolic when neither

condition (1.1) nor (1.2) is met (see Figure 1.2). Moreover, a complete characterization of

the parabolicity of half-twist flutes was missing.
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Theorem 1.3. Assume that the lengths ℓn of the boundary geodesics of the pants decom-

position of a half-twist flute surface X
1/2
f = H/Γ are increasing. Then the following are

equivalent.

• the covering group Γ of X
1/2
f is of the first kind,

•
∑∞

n=1 e
−σn

2 = ∞, and

• X
1/2
f is parabolic.

Using Theorem 1.3, we determine whether or not each half-twist fluteXa,b in the Hakobyan

slice is parabolic.

Theorem 1.4. In the slice Xa,b above, the Riemann surface Xa,b has Fuchsian covering

group of the second kind if and only if min{a, b} > 2. Moreover, Xa,b is parabolic if and only

if min{a, b} ≤ 2.

We give a complete characterization of whether or not a special class of end symmetric

surfaces with only half twists in each end is parabolic with the following theorem.

Theorem 1.5. Let X be a Riemann surface with finitely many ends whose twists are 1/2

on the simple closed geodesics αn accumulating at each end. Assume that the lengths ℓ(βn)

and ℓ(γn) are between two positive constants. Let ℓn be the length of αn and assume that ℓn

is increasing. Then the following are equivalent.

1. the covering group Γ of X is of the first kind,

2.
∑∞

n=1 e
−σn

2 = ∞ for each end Xi, and

3. X is parabolic.

LetXC be a Cantor tree surface equipped with a geodesic pants decomposition (see Figure

1.3). At level n of the surface XC , there are 2n pairs of pants, and the union of all pairs

of pants up to and including level n pants is a compact subsurface Xn with 2n+1 geodesic

boundaries (see Figure 1.3). The level n geodesics are the geodesic boundary components of

Xn. Basmajian, Hakobyan, and Šarić [7, Theorem 10.3] obtained that the surface XC admits
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X1

X2

X3

Figure 1.3: The Cantor tree surface with a geodesic pants decomposition.

no Green’s function if each boundary geodesic αn at the level n has its length bounded above

by n
2n
. Since the proof of [7, Theorem 10.3] only relies on standard half collars around the

simple closed geodesics αn that conclusion still applies to the blooming Cantor trees. Note

that this theorem implies the same statement is true if we replace n with nr for any fixed

r ≤ 1. Using that it has numerous ends, McMullen [13] proved if every boundary geodesic

of the pants decomposition of XC has its length between two positive constants, then XC

is not parabolic. More recently, Šarić [18, Theorem 4.1] proved that XC is not parabolic

if the lengths of level n geodesics are nr

2n
for r > 2. From a result in [4], we can consider

XC with zero twists because twisting along geodesics of bounded length is a quasiconformal

deformation that preserves parabolicity.

We consider the Cantor tree surfaces with lengths of level n geodesic boundaries ln that

satisfy for any fixed r > 1, the inequalities C1
nr

2n
≤ ln ≤ C2

n2 for some constants C1, C2 > 0.

That condition is between the case considered by Basmajian, Hakobyan, and Šarić when

ℓn ≤ n
2n

and the case ℓn = nr

2n
for r > 2 considered by Šarić.

Theorem 1.6. Let X be the Cantor tree surface, as depicted in Figure 1.3. Let ljn be the

lengths of the geodesic boundaries αj
n of Xn for n ≥ 1 and for 1 ≤ j ≤ 2n+1. If there is an
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α3
2

α4
2

α5
2

α6
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α7
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Figure 1.4: The blooming Cantor tree surface with a geodesic pants decomposition.

r > 1 such that

C1
nr

2n
≤ ljn ≤ C2

n2

for some universal constants C1, C2 > 0, then X is not parabolic.

Our methods extend to surfaces with infinite genus and a Cantor set of ends called

blooming Cantor trees (see Figure 1.4). We define the blooming Cantor tree surface X̃

by a construction starting with a Cantor tree X. Fix a geodesic pants decomposition of

X. Consider the 2n many level n pairs of pants in X as depicted in Figure 1.4. The union

of all pairs of pants up to and including the level n pairs of pants constitute the geodesic

subsurface Xn of X. For any n, we insert between each of the geodesic boundaries of Xn and

a level n+ 1 pair of pants a subsurface with genus at most C and two geodesic boundaries.

Redefine αn as the cuff between the inserted subsurface and a level n+1 pair of pants. The

cuff lengths are decreasing along the inserted subsurface.

Theorem 1.7. Consider the blooming Cantor tree surface X̃ depicted in Figure 1.4. Let ljn

be the lengths of the geodesic boundaries αj
n of Xn for n ≥ 1 and for 1 ≤ j ≤ 2n+1. If, for

7



some r > 1 and some positive constants C1 and C2,

C1
nr

2n
≤ ljn ≤ C2

n2
,

then X̃ is not parabolic.
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Chapter 2

Geodesic Pants Decomposition of a

Riemann surface

A Riemann surface is infinite if its fundamental group cannot be finitely generated. An

infinite Riemann surface supports a unique hyperbolic metric in its conformal class, and it

is isometric to H/Γ, where H is the hyperbolic plane, and Γ is a Fuchsian covering group.

A topological pair of pants is homeomorphic to a sphere with three closed disks removed.

The boundaries of these disks are sometimes considered part of a pair of pants. If the

boundary components of a topological pair of pants get straightened into simple closed

geodesics, one has a geodesic pair of pants. A geodesic pair of pants with one or two cusps

as boundary components is called a tight pair of pants.

We define a topological pants decomposition of a surface as a locally finite decomposition

into pairs of pants where the boundary curves are homotopically distinct and non-trivial.

Every Riemann surface is triangulable. By [16], any triangulable infinite Riemann surface

has a topological pants decomposition. When the pairs of pants in a topological pants

decomposition of a surface are all geodesic pairs of pants; the separation is called a geodesic

pants decomposition.

The convex core of a Riemann surface is the minimal closed convex subsurface with

boundary that carries all the homotopy. The Riemann surface is the result of attaching

9



hyperbolic funnels to closed geodesics on the boundary of the convex core and by attaching

geodesic half-planes to open boundary geodesics of the convex core. Let X = H/Γ be a

Riemann surface. The covering Fuchsian group Γ is said to be of the first kind if the limit

set of Γ is equal to the ideal boundary of H. Otherwise, it is said to be of the second kind.

10



Chapter 3

Fenchel-Nielsen Parameters of a

Riemann surface

Figure 3.1: Length and twist parameters are associated with each closed geodesic boundary of a fixed geodesic
pants decomposition of a surface.

Every topological pants decomposition of a surface can get straightened into a geodesic

pants decomposition. Fix a geodesic pants decomposition of a Riemann surface X. We

associate with each simple closed geodesic boundary of this decomposition its length, called a

length parameter. We also associate with it a twist parameter, which is the relative hyperbolic

distance between feet of orthogeodesics from the nearest closed geodesics on both sides. The

length and twist parameters constitute the Fenchel-Nielsen parameters of a Riemann surface

associated with a fixed geodesic pants decomposition (see Figure 3.1).
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Chapter 4

Parabolic surfaces, modulus, and

extremal length

Let X be a Riemann surface. A Green’s function on X is a harmonic function u on X with

the logarithmic singularity at a single point of X such that limz→∂Xu(z) = 0 ([3]). We say a

Riemann surface is parabolic if it does not admit a Green’s function ([3]). The type problem

for Riemann surfaces is determining when an explicit construction gives rise to a Riemann

surface that does not admit a Green’s function.

The Liouville measure is invariant under geodesic flow. To effectively study the behavior

of geodesic flow, one should study the Liouville measure. Let g be the geodesic flow on

the unit tangent bundle of X. We say g is ergodic if for any g−invariant set A, either the

Liouville measure of A is zero or of its complement is zero. The property of parabolicity for

a Riemann surface is equivalent to the geodesic flow being ergodic and the Poincare series

being divergent.

A metric ρ on X is a non-negative Borel-measurable function defined on X. It allows the

definition of distances and angles. A manifold equipped with such a metric is a Riemannian

manifold. Let Γ be a family of curves on X. A metric ρ is allowable for Γ if the ρ length of

every curve γ in Γ is at least one. The ρ length of non-rectifiable curves are assumed infinite.

12



Definition 4.1. The modulus of a curve family Γ, denoted by modΓ, is

modΓ = inf
ρ

∫∫
X

ρ2(z)dxdy

where the infimum is over all allowable metrics ρ for Γ.

Below is a list of relevant properties of the modulus of curve families.

Lemma 4.2. Let {Γn}∞n=1 be a sequence of curve families. Then the following properties

apply.

• If Γi ⊂ Γj, then modΓi ≤ modΓj

• mod(∪∞
n=1Γn) ≤

∑∞
n=1 modΓn

• If Γi < Γj, then modΓi ≥ modΓj

where Γi < Γj is read “Γi minorizes Γj” and means that for every curve γj in Γj, there exists

a curve γi in Γi such that γi ⊂ γj. The first property is called monotonicity, the second

property is called subadditivity, and the third is called the overflowing property. When the

sequence of curve families is pairwise disjoint, the inequality in the subadditivity property

becomes equality.

To determine the parabolicity of Riemann surfaces, we use what is known as the modular

test. Let {Xn} be a compact exhaustion of X such that X̄n ⊂ Xn+1. Denote the boundary

of Xn by βn. Let λXn−X1(β1, βn) be the extremal distance between β1 and βn in Xn − X1,

where the extremal distance is the reciprocal of the modulus of the curve family connecting

β1 and βn in Xn −X1.

Proposition 4.3 ([3], page 229). The Riemann surface X is parabolic if and only if

λXn−X1(β1, βn) → ∞

as n → ∞.

13



Chapter 5

Symmetric surfaces and the modulus

of curve families

We focus our attention on surfaces with symmetry, as defined below.

Definition 5.1. An infinite Riemann surface X is said to be symmetric if there exists an

orientation-reversing isometry (anti-conformal reflection) R : X → X where the fixed points

are a collection of pairwise disjoint bi-infinite and/or closed geodesics that divide the surface

into two connected components permuted by R.

Let Rf be the set of fixed points of an orientation-reversing isometry on a symmetric

surface X. The set Rf separates X into two symmetric halves. We choose either side and

call it the front side X⋆, while the other side is called the back side X⋆⋆.

We establish an asymptotic comparison between the modulus of curve families in X to

the modulus of curve families in X⋆. This will give necessary and sufficient conditions for

the parabolicity of symmetric surfaces.

Theorem 5.2. Consider an infinite symmetric Riemann surface X with an orientation

reversing isometry R : X → X. Let {Xn}∞n=1 be an exhaustion of X by finite area subsurfaces

with compact geodesic boundary that are invariant under R. Denote by Γn the family of curves

that connects ∂X1 and ∂Xn inside Xn \ X1. Let Γ⋆
n be the subfamily of Γn that lies in the

14



front side X⋆ of X \ f(R). Then

lim
n→∞

modΓn = 0

if and only if

lim
n→∞

modΓ∗
n = 0.

Proof. Since Γ⋆
n ⊂ Γn, by the monotonicity property of modulus, mod Γ⋆

n ≤ mod Γn.

Thus, one direction of the proof is immediate. Now assume limn→∞ modΓ⋆
n = 0 to deduce

that limn→∞ modΓn = 0. That gives us a sequence of allowable metrics ρ⋆n on X⋆
n such that

modΓ⋆
n =

∫∫
X⋆

n

ρ⋆n
2(z)dxdy → 0

as n → ∞. Define the sequence of metrics ρn on Xn in the following way. For z in X⋆, define

ρn(z) = ρ⋆n(z). If z belongs to the set Rf , let ρn(z) be infinite. Define ρn(z) = ρ⋆n(R(z)) for

every z in X⋆⋆.

We show that ρn is an allowable metric for Xn. If a curve γ lies entirely inside X⋆
n, then

ℓρn(γ) = ℓρ⋆n(γ) ≥ 1. Moreover, if a curve γ intersects Rf on a set of positive measure, then

ℓρn(γ) is infinite. Also, if γ is not in X⋆
n, and it does not intersect Rf on a set of positive

measure, reflect every maximal sub curve of γ in X⋆⋆
n by R to X⋆

n. Then ℓρn(γ) = ℓρ⋆n(γ) ≥ 1.

That implies ρn is allowable for Xn.

Thus, we obtain that

modΓn =

∫∫
Xn

ρ2n(z)dxdy = 2

∫∫
X⋆

n

ρ⋆n
2(z)dxdy

and the rest of the proof is immediate.
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Chapter 6

The equivalence of parabolicity and

completeness for symmetric surfaces

A Riemann surface X with the induced metric is complete if and only if its Fuchsian covering

group is of the first kind. There exist surfaces that have Fuchsian covering groups of the

first kind that are not parabolic. McMullen proved that Cantor tree surfaces are non-

parabolic when their geodesic boundaries have lengths between two positive constants. Thus,

it is interesting to consider symmetric surfaces in which parabolicity and completeness are

equivalent.

6.1 The zero-twist flute

Consider a fixed geodesic pair of pants with two cusps and one geodesic boundary. Attach

in an infinite chain geodesic pair of pants with two boundary geodesics and one cusp. The

result is a flute surface. A flute surface with all zero twists is called a zero-twist flute.

The twist parameters are crucial to solve the type problem when the surface has a small

set of ends and large lengths. Basmajian, Hakobyan and Šarić proved the following theorem

in such a circumstance.

Theorem 6.1 ([7]). Let X be a tight flute surface with the Fenchel-Nielsen coordinates
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{(ℓn, tn)}n which correspond to the closed geodesics αn on the boundary of the pants decom-

position.

If
∞∑
n=1

e−
ℓn
2 = ∞

or
∞∑
n=1

e−(1−|tn|) ℓn2 = ∞

then X is parabolic.

Moreover, they obtained a complete characterization of the parabolicity and completeness

of zero-twist flutes.

Theorem 6.2 ([7]). Let X be a flute surface with twists tn = 0 for n ≥ 1. Then the following

are equivalent.

• X = H/Γ has the covering group Γ of the first kind,

•
∑∞

n=1 e
− ℓn

2 = ∞ and

• X is parabolic.

6.2 The half-twist flute

When all the twists of a flute surface are 1
2
, it is called a half-twist flute. For half-twist flutes

with increasing and concave length parameters, [7] proved completeness and parabolicity

are equivalent. That conclusion was missing without concave length parameters. Using

new methods, we obtain that the equivalence of the completeness property and parabolicity

extends to all flute surfaces whose twists are zero or a half without any assumption on the

convexity or size of the length parameters ln.

Theorem 6.3. Let X be a flute surface whose twists satisfy tn ∈ {0, 1/2} for n ≥ 1. The

following are equivalent:
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• the covering group of X is of the first kind, i.e. X is the union of geodesic pairs of

pants without funnels or half-planes,

• X does not admit a Green’s function, i.e. X is parabolic.

t1 = 0

t2 = 0 t3 = 1
2

t4 = 1
2

t5 = 0

t6 = 1
2

Figure 6.1: The half and zero twists flute surface.

Proof. All that is needed is to prove completeness implies parabolicity. Therefore, assume

X is complete. Since the twists are all zero or a half, there exists a collection of bi-infinite

geodesics (between cusps) that separate X into two symmetric halves (see Figure 6.1) per-

muted by an orientation-reversing isometry. In this way, X is symmetric.

Choose one side of X as its front and call it X⋆. The front side X⋆ is planar and simply

connected. Thus, it has a unique isomorphic lift X̃⋆ to the universal cover D (see Figure 6.2).

This lift is an infinite polygon in D, which has countably many vertices on S1 corresponding

to the lifts of the cuffs of X. Consider the geodesic subsurface Xn of X, which is the union

of the first n tight pairs of pants. Call the front of the geodesic boundary of Xn the geodesic

arc αn. The lift of αn in X̃⋆ is called α̃n. Each α̃n connects the top and bottom sides of X̃⋆.

We show that X is complete if and only if, in addition to its countably many vertices

on S1, the top and bottom sides of the infinite polygon X̃⋆ in D converge to a single point

on S1. If the top and bottom sides converge to two different points on S1, then the infinite
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α̃1

α̃2

α̃3

α̃4

α̃5

α̃6

Figure 6.2: Infinite polygon X̃⋆ in D isometric to X⋆.

polygon converges to a single geodesic g∞ that connects these two points. Thus, X is not

complete.

If the top and bottom sides of the infinite polygon converge to a single point on S1,

we show that X is complete. Assume to reach a contradiction that there is a finite length

escaping geodesic ray r starting from a point on the boundary of X1. Reflect each maximal

subcurve of r in X⋆⋆ to the front X⋆ and call the reflection r⋆. Since r⋆ is finite length, it is

compact. Also, the fact that r⋆ is escaping means it intersects every lift α̃n in the polygon

X̃⋆. The fact that r⋆ is both compact and intersects every lift α̃n means that the geodesic

arcs α̃n converge to the geodesic g⋆ in D. The endpoints of α̃n accumulate to the endpoints

of g⋆ on S1. These distinct endpoints of g⋆ are the accumulations of the top and bottom

sides of the infinite polygon. This contradiction implies X is complete.

What is left to prove is that if the top and bottom sides of the infinite polygon converges

to a single point, then X is parabolic. Consider the curve family Γn that connects the
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boundary of X1 with the boundary of Xn in X⋆ for each n and lift each of them to the

infinite polygon in D. Call the lifts of Γn, the families of curves Γ⋆
n in D. Choose a circle

CR of fixed radius R > 0 whose center is the point on S1 called p that the infinite polygon

converges to, and is to the right of α̃1 in Figure 6.2. Consider large n such that α̃n is entirely

inside CR. For each such large n, define Cn to be the circle centered at p of the smallest

radius rn such that Cn contains α̃n. Define Γ′
n
⋆ to be the family of sub curves of curves in

Γ⋆
n that connects Cn with CR for large n.

Let ΓC
n be the family of curves that connect Cn and CR for large n. Call A the annulus

between circles Cn and CR for any fixed value of n. Let ρ be a metric on the annulus A.

Define L(Γ, ρ) = infγ ℓρ(γ) where the infimum is over all curves γ in Γ. In addition, define

A(A, ρ) =
∫∫

A
ρ2(z)dxdy. By the Cauchy-Schwartz inequality,

L2(ΓC
n , ρ) ≤ (

∫ R

rn

ρ(teiθ)dt)2 ≤ log(
R

rn
)

∫ R

rn

ρ(teiθ)2tdt.

Next, integrate both sides with respect to θ from 0 to 2π to get

2πL2(ΓC
n , ρ) ≤ log(

R

rn
)A(A, ρ).

Since

modΓ = inf{A(Ω, ρ) : L(Γ, ρ) = 1},

we have

modΓC
n ≥ 2π

log( R
rn
)
.

Equality holds when applying the Cauchy-Schwartz inequality if and only if ρ = c
|z| almost

everywhere for any positive constant c. Thus,

modΓC
n =

2π

log( R
rn
)
.
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We get

modΓ⋆
n ≤ modΓ′

n
⋆ ≤ modΓC

n =
2π

log( R
rn
)

by first applying the overflowing property of modulus and then the monotonicity property.

The top and bottom sides of the infinite polygon in D converges to a single point on S1, and

the α̃n connect points on these top and bottom sides. Thus, the α̃n converges to a single

point. Consequently, the sequence of radii rn converges to zero as n → ∞. Thus,

limn→∞modΓ⋆
n = 0.

By the modular test and Theorem 5.2, X is parabolic.

As a direct consequence of the proof of Theorem 6.3, we have the following Corollary.

Corollary 6.4. A symmetric flute surface X has covering group of the first kind if and only

if, in addition to its ideal vertices, the infinite ideal polygon in D that is a lift of the front

side of X accumulates to a single point on S1.

6.3 Symmetric surfaces with finitely many ends

For an infinite Riemann surface X, fix a compact exhaustion Xn of X by geodesic subsur-

faces. A topological end of X is defined to be a decreasing sequence of sets Cn such that

Cn is a connected component of X − Xn. We say such an end is accumulated by genus if

each Cn corresponding to the end has positive genus. Fix a finite genus surface X0 with

finitely many geodesic boundaries {δ1, ..., δk}. Attach to each closed geodesic δi a surface

Xi with one geodesic boundary and infinite genus that accumulates to one topological end.

This construction gives a symmetric end surface X (see Figure 6.3). The geodesic surfaces

attached to each δi can be thought of as tails of infinite Loch-Ness monsters (see Figure 6.4).
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X0
X1

X2

X3

δ1

δ2

δ3

Figure 6.3: A surface with finitely many non-planar ends.

Separate the handles in each attached surface by closed geodesics called βn. There is a

geodesic arc orthogonal to βn at both of its endpoints. Choose a geodesic loop γn orthogonal

to this geodesic arc in each handle. Each attached geodesic surface minus the attached

handles is an infinite chain of geodesic pairs of pants. Other than the geodesics βn and γn,

name the other geodesic boundaries of each end in order by the sequence {αn}.

δi

β1 β2 β3

α1 α2 α3

γ1 γ2 γ3

Figure 6.4: The pants decomposition of an end surface.

The set of simple closed geodesics {δi, αn, βn, γn} separate the surface X into geodesic

pairs of pants (see Figure 6.4). Use the unique orthogeodesic arcs between the δi, αn, βn,

and γn to separate the geodesic pairs of pants in the decomposition of X into right-angled
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Figure 6.5: A symmetric end surface with half twists.

geodesic hexagons.

A collection of bi-infinite geodesics separates surface X into two symmetric halves. Call

one of these halves its front side and denote it by X⋆. The other half is called its back side

X⋆⋆.

When an attached end Xi of X has a separation into two symmetric halves, the end Xi

is called a symmetric end (see Figure 6.5). If every end of X is symmetric, then X is a

symmetric end surface (see Figure 6.3).

Theorem 6.5. Let X be a Riemann surface with finitely many symmetric non-planar ends

such that the lengths of the geodesics βn and γn from Figure 6.3 are between two positive

constants. Then the following are equivalent:

• the Fuchsian covering group of X is of the first kind,

• the Riemann surface X admits no Green’s function.

Remark 6.6. Note that the αn are not assumed to be bounded. If any subsequence of αn

is bounded, by Theorem 6.1 proved by Basmajian, Hakobyan, and Šarić ([7]), regardless of

the twists, X is parabolic. Therefore, the interesting case is when the lengths of αn go to

infinity.

Proof of Theorem 6.5. The problem is simplified to prove that completeness implies parabol-

icity for X. Separate each Xi into two halves by bi-infinite geodesics and conclude each Xi
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is symmetric. Call one half the front side X⋆
i and the other half the back side X⋆⋆

i . The

front side X⋆
i is planar but not simply connected due to its infinitely many handles.

We define a compact exhaustion of X by compact subsurfaces Xn of X such that their

boundary components are the geodesics αn in each Xi for i = 1, . . . , k. Let Γn be the family

of curves that connect the boundary of X0 and the boundary of Xn in Xn − X0. By the

modular test, we only need that limn→∞modΓn = 0. Define modΓn
i to be the subfamily of

Γn that lies in the end Xi. The sequence of curve families Γn is a disjoint union of the Γn
i

for i = 1, . . . , k. Therefore,

modΓn =
k∑

i=1

modΓn
i .

We only need to prove that limn→∞modΓn
i = 0 for each i = 1, . . . , k.

The modulus is a quasiconformal quasi-invariant. Thus, modΓn
i tends to zero on Xi if and

only if it tends to zero on a quasiconformal image of Xi. The assumption that the lengths of

βn and γn are bounded between two positive constants implies that there is a quasiconformal

map onto an infinite surface such that the βn and γn are all the same length, and the twists

on these closed geodesics are all equal to zero (see Shiga [19]). Without loss of generality,

we can assume all of the tori cut off by the βn in Xi is isometric.

The front of the surface X⋆
i is not simply connected (see Figure 6.6). Notice, however,

that X⋆
i − ∪nγn is planar, simply connected, and has a unique isomorphic lift to D, as in

Figure 6.6. Let Xn
i = Xn ∩Xi and Xn⋆

i = Xn
i ∩X⋆

i be the front side of Xn
i . Let Γ

n⋆

i be the

subfamily of Γn
i that lies entirely in the front of Xn

i . By Theorem 4.2 it is enough to prove

lim
n→∞

modΓn⋆

i = 0

for all i = 1, . . . , k.

Since X has a covering group of the first kind, a single component of the lift to the

universal covering D of X∗
i \ (∪nγn) accumulates to exactly one point on S1. Consequently,

the sequence of moduli of the family of curves from δi ∩X⋆
i to αn in X⋆

i converge to zero as

n approaches infinity (in the same way as in the proof of Theorem 6.3).
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Figure 6.6: The front side X∗
i and its lift to the universal covering.

However, the above argument does not work for the curves in X⋆
i that intersect the

{γn}n. We will find a quasiconformal map that sends X⋆
i into but not onto the lift of

X⋆
i \ (∪nγn). Then the limit of the modulus of a sequence is zero for the sequence of curve

families connecting δi ∩X⋆
i and αn ∩Xn⋆

i inside Xn⋆

i . With this the proof is done because a

quasiconformal map quasi-preserves the modulus and we already established that the limit

of the modulus of the sequence of curve families in X⋆
i \ (∪nγn) is zero.

To find the quasiconformal map, observe the standard half-collars around the βn inside the

torus cut off by βn. These standard collars are disjoint from γn. Define X ′
i to be X⋆

i minus

the tori cut off by the βn union the standard half collars about the βn in the cut-off tori.

We find a quasiconformal map f that sends X⋆
i into, but not onto X ′

i. This quasiconformal

map f is also the identity on X⋆
i minus the cut-off tori and the identity on the βn ∩X⋆

i . All

that remains is to find a quasiconformal map whose image on the front half of the tori cut

off by βn is the front half of the half collar that is the identity on βn ∩ X⋆
i . We only need

one quasiconformal map and use it for all n since the tori are quasiconformal.

Let Tn be the front of a torus cut off by βn. It is a doubly connected region, and thus

we can find a conformal map that maps Tn to a Euclidean annulus with inner radius one
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and outer radius r > 1. The geodesic subarc of βn in Tn maps to a curve bn on the outer

circle of the Euclidean annulus. Meanwhile, the boundary of the standard half-collar in the

interior of Tn maps to a curve cn in the interior of the Euclidean annulus. The endpoints of

the curve cn are on the outer circle of the Euclidean annulus minus bn. Map the Euclidean

annulus by a conformal map to the square of height one such that the bottom side is on the

real axis and the endpoints of cn get sent to the top corners of the square. Call the images

under this map of bn and cn by the same names. This curve cn has a lowest point of height

h. Define the last map, g, by the function that vertically shrinks this square by a factor of

h. Conjugate the function g by the composition of the conformal maps. The image of Tn

under this conjugation is in the front of the standard half-collar around βn. Therefore, the

conjugation is the desired quasiconformal map f .

Tn

βn

conf.

bn

conf.

g

g(Qn)

Figure 6.7: The quasiconformal map.

The proof of Theorem 6.5 gives the following Corollary.

Corollary 6.7. A symmetric surface X with finitely many end surfaces Xi, for i = 1, 2, . . . n,

has covering group of the first kind if and only if, for each i ∈ {1, 2, . . . , n}, the infinite
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polygon in D that is a lift of X∗
i \ (∪nγn) ⊂ X accumulates to a single point on S1.

Remark 6.8. For a fixed lift of X∗
i \ (∪nγn) in D, let α̃n be the lift of the closed geodesic

αn that connects its two boundary sides. Then the accumulation to one point of S1 in the

above corollary is equivalent to the accumulation of the nested sequence α̃n to one point of

S1.
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Chapter 7

Characterization of parabolicity of

symmetric surfaces using their length

parameters

In this section, we determine whether or not Riemann surfaces are parabolic using their

Fenchel-Nielsen parameters.

7.1 The half-twist flute surfaces

Consider the tight flute surfaces X = {(ℓn, 1/2)}n with only half twists called half-twist flute

surfaces. We characterize the parabolicity of these surfaces using their lengths ℓn.

Theorem 7.1. Let X = {(ℓn, 1/2)}n be a half-twist flute surface with increasing sequence

of cuff lengths ℓn. Then X is parabolic if and only if

∞∑
n=1

e−σn/2 = ∞,

where σn = ℓn − ℓn−1 + · · ·+ (−1)n−1ℓ1.

To prove Theorem 7.1, we need to define what a shear is. Let ∆1 and ∆2 be two ideal

geodesic triangles with disjoint interiors that share a geodesic g as a side. Orient the geodesic
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g so that the ideal triangle ∆1 is on its left side. The shear s(g) of the geodesic g with respect

to the configuration (∆1,∆2) is the signed hyperbolic distance (using the orientation of g)

from the foot of the orthogeodesic from the vertex in ∆1, not on g, to the foot of the

orthogeodesic from the vertex in ∆2 not on g.

Remember, the front X⋆ of a half-twist flute surface is planar and simply connected.

Thus, its lift X̃⋆ to the universal covering D is an infinite polygon, as shown in Figure 6.2.

Corollary 6.4 gave the covering group of a half-twist flute is of the first kind if and only if,

in addition to its countable set of vertices, the infinite polygon X⋆ has only one more point

of accumulation on S1.

g1

g2

g3

g4

g5

g6

g7

Figure 7.1: The infinite polygon X̃∗ and its limit points on S1.

Therefore, the only thing we need to prove is, given X has a covering group of the first

kind, that the infinite polygon X⋆ accumulates to one point on S1 in addition to its ideal

vertices. The fronts of the geodesic boundaries αn of X lift to the curves α̃n in the universal

cover D. These lifts α̃n lay on corresponding geodesics we call g2n−1 (see Figure 7.1). Define

the geodesics g2n to connect the initial point of g2n−1 and the terminal point of g2n+1. The
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result is a nested sequence of geodesics gn. We want to find the shears s(gn) for n ≥ 2 of the

geodesics gn, which are the diagonals of ideal quadrilaterals whose vertices are the endpoints

of gn−1 and gn+1.

The unique orthogeodesic arc ηn between g2n−1 and g2n+1 is on the lift of the front side

X̃⋆ (see Figure 7.1). The ηn, α̃2n−1, and α̃2n+1 make up three sides of a geodesic pentagon

in X̃⋆ with four right angles and one zero angle. The orthogeodesic rays from the vertices

of these pentagons with zero angles to the ηn separate each pentagon into two Lambert

quadrilaterals. For each such pentagon, the sides on g2n−1 and g2n+1 have lengths ℓn
2

and

ℓn+1

2
. A formula for Lambert quadrilaterals [11, Theorem 2.3.1(iv)] gives

ℓ(ηn) = tanh−1
( 1

cosh ℓn
2

)
+ tanh−1

( 1

cosh ℓn+1

2

)
.

Using the length ℓ(ηn) we just obtained, and the inequalities x < tanh−1(x) < 2x for small

x > 0, we get

e−
ℓn+1

2 <
1

cosh ( ℓn
2
)
+

1

cosh ( ℓn+1

2
)
< ℓ(ηn) <

2

cosh ( ℓn
2
)
+

2

cosh ( ℓn+1

2
)
< 8e−

ℓn
2

for large n. Therefore, for large n,

e−
ℓn+1

2 < ℓ(ηn) < 8e−
ℓn
2 . (7.1)

Lemma 7.2. Under the above notation, the shear along g2n for the quadrilateral whose

vertices are at the endpoints of g2n−1 and g2n+1 is given by

s(g2n) = log sinh2 ℓ(ηn)

2
.

Remark 7.3. Note that s(g2n) < 0 for n large enough because ℓ(ηn) → 0 as n → ∞.

Proof. The hyperbolic distance between g2n−1 and g2n+1 is ℓ(ηn). Let A : D → H be a Mobius

function that maps ηn to the y-axis. The endpoints of geodesics A(g2n−1) and A(g2n+1) are
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{−xn, xn} and {−yn, yn}. We can assume without loss of generality that xn < yn. Then

l(ηn) = log
yn
xn

.

Define the Mobius function B : H → H by B(xn) = 0, B(−xn) = −1, and B(−yn) = ∞.

Then B(z) = yn−xn

2xn

z−xn

z+yn
. That implies B(yn) > 0 and

s(g2n) = log(B(yn)) = log
[ yn − xn

2
√
xn

√
yn

]2
= log sinh2 ℓ(ηn)

2
.

The remaining cases are to find the shears s(gn) for geodesics gn such that n is odd. The

expression is trickier to attain as it depends on the lengths of two adjacent ηi and the length

of the cuff that lifts to gn. The formula will be slightly different for indices with remainders

1 and 3 under division by 4.

Lemma 7.4. Consider the lift of X⋆ and geodesics gn as above. The shear of gn is defined

with respect to the quadrilateral whose vertices are the ideal endpoints of gn−1 and gn+1.

When ℓn is large enough, we have

s(g4n+1) = sinh−1 1

sinh ℓ(η2n)
+ sinh−1 1

sinh ℓ(η2n+1)
− ℓ2n+1

2

and

s(g4n+3) = sinh−1 1

sinh ℓ(η2n+1)
+ sinh−1 1

sinh ℓ(η2n+2)
+

ℓ2n+2

2
.

Proof. Consider g4n+1 and the corresponding quadrilateral as in Figure 7.2. Geodesic g4n+1

is it’s diagonal. Name the vertices of the quadrilateral to the left and right of g4n+1, points

A and D, respectively. Then A is the initial point of geodesic g4n−1, and D is the terminal

point of g4n+3. Call P the foot of the orthogedoesic from point A to the geodesic g4n+1 and

S the foot of the orthogeodesic from point D to g4n+1. Let B ∈ g4n−1 and Q ∈ g4n+1 be the

endpoints of orthogeodesic η2n. Call R ∈ g4n+1 and C ∈ g4n+3 the endpoints of η2n+1 (see

Figure 7.2).
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The starting choice of the half-twists and because the index of gi has remainder 1 under

division by 4 guarantees that the arc PS is contained in arc RQ (see Figures 7.1 and 7.2).

From Figure 7.2 we get

s(g4n+1) = ℓ(PQ) + ℓ(RS)− ℓ2n+1

2
,

where ℓ(PQ) and ℓ(RS) are the hyperbolic lengths of geodesic arcs PQ and RS, respectively.

By [11, Theorem 2.3.1(i)], the Lambert quadrilaterals ABQP and RSDC give ℓ(PQ) =

sinh−1 1
sinh ℓ(η2n)

and ℓ(RS) = sinh−1 1
sinh ℓ(η2n+1)

. From these lengths we obtain the formula

for s(g4n+1).

B Q

S

P

R
C

A

D

g4n+1

Figure 7.2: s(g4n+1) = ℓ(PQ) + ℓ(RS)− ℓ2n+1

2 .

Consider g4n+3 and the corresponding quadrilateral in Figure 7.3. The geodesic g4n+3 is

the diagonal of this quadrilateral. Call the vertices of the quadrilateral not on geodesic g4n+3,

points A and D to the left and right, respectively. Let P be the foot of the orthogeodesic

from point A to geodesic g4n+3, and let S be the foot of the orthogeodesic from point D to

the same geodesic. Call B and Q the endpoints of the orthogeodesic η2n+1 from g4n+1 to

g4n+3. Denote the endpoints of the orthogeodesic η2n+2 from g4n+3 to g4n+5 by R and C (see
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Figure 7.3).

The starting choice of the half-twists and because the index of gi has remainder 3 under

division by 4 guarantees that the arc QR is contained in arc PS (see Figures 7.1 and 7.3).

From Figure 7.3 we obtain

s(g4n+3) = ℓ(PQ) + ℓ(RS) +
1

2
ℓ2n+2,

where ℓ(PQ) and ℓ(RS) are the hyperbolic lengths of geodesic arcs PQ and RS, respec-

tively. By [11, Theorem 2.3.1(i)], the Lambert quadrilaterals ABQP and RSDC give

ℓ(PQ) = sinh−1 1
sinh ℓ(η2n+1)

and ℓ(RS) = sinh−1 1
sinh ℓ(η2n+2)

. From these lengths, we get

the formula for s(g4n+3).

S

R
C

D

Q

P

B

A

g4n+1

g4n+3

g4(n+1)+1

Figure 7.3: s(g4n+3) = ℓ(PQ) + ℓ2n+2

2 + ℓ(RS).

Proof of Theorem 7.1. By Theorem 6.3, all that is needed is to prove that X = {(ℓn, 1/2)}n

is complete. Due to the symmetry of X, which exchanges its front and back sides, we only
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need to prove that the infinite polygon lift of X⋆ to D has only one accumulation point on

S1 in addition to its ideal vertices (see Corollary 6.4). Therefore, it will be enough to prove

that the sequence of nested geodesics {gn}∞n=1 (from Figure 7.1) does not accumulate in D.

Consider an escaping geodesic ray r starting from any fixed point on α1. Reflect it to the

front side of X and call its reflection r⋆. The length of the part of r⋆ from the front of αn

to the front of αn+1 is at least the length l(ηn) of the orthogeodesic arc ηn between them. It

is immediate that
∑∞

n=1 ℓ(ηn) = ∞ implies that r⋆ is infinite length and completeness of X

follows. Therefore, we assume that
∑∞

n=1 ℓ(ηn) < ∞ in the rest of the proof.

Observe

ℓ(ηn) > ln(1 + ℓ(ηn))

for n ≥ 1. This implies
∞∑
n=1

ln(1 + ℓ(ηn)) < ∞,

which immediately gives

1 ≤
∞∏
n=1

(1 + ℓ(ηn)) < ∞. (7.2)

By Proposition A.1 in the Appendix (or by the proof of [17, Theorem C]), the sequence

{gn}∞n=1 does not accumulate in D if and only if the piecewise horocyclic arc connecting the

adjacent geodesics has infinite length. Denote by sn = s(gn) the shear of gn with respect

to the ideal quadrilateral whose vertices are the ideal endpoints of gn−1 and gn+1 for n ≥ 2.

The shear of g1 is not defined. We start the piecewise horocyclic path on g1 such that the

part in the wedge between g1 and g2 has length e−s1 . By Proposition A.3, the length of the

part of the piecewise horocyclic path between gn and gn+1 is

e−s1−s2−···−sn

when n is odd, and it equals

es1+s2+···+sn
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when n is even.

We will use the inequalities

esinh
−1 1

sinh x >
2

x

and

sinhx > x

for x > 0.

By Lemmas 7.4 and 7.2 and the above inequalities, we get, for n ≥ 1,

es4n+1 > 4
ℓ(η2n)ℓ(η2n+1)

e−
ℓ2n+1

2 ,

es4n+3 > 4
ℓ(η2n+1)ℓ(η2n+2)

e
ℓ2n+2

2 , and

es2n > [ℓ(ηn)]2

4
.

(7.3)

Note that the constants 4 are essential for what follows since they will be canceled out which

will facilitate the needed inequality comparison.

Since we need a lower estimate of the length of the piecewise horocyclic path, we note

that ℓ(h) is greater than
∞∑
n=1

es4n+s4n−1+...+s2+s1 . (7.4)

The sum (7.4) can be written as

∞∑
n=1

n−1∏
k=0

es4(k+1)+s4k+3+s4k+2+s4k+1

and by the estimates in (7.3) we get

es4(k+1)+s4k+3+s4k+2+s4k+1 >
[ℓ(η2k+2)]

2

4
· 4

ℓ(η2k+1)ℓ(η2k+2)
· e

ℓ2k+2
2

· [ℓ(η2k+1)]
2

4
· 4

ℓ(η2k)ℓ(η2k+1)
· e

−ℓ2k+1
2 =

ℓ(η2k+2)

ℓ(η2k)
e

ℓ2k+2−ℓ2k+1
2 .

(7.5)
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This implies

∞∑
n=1

n−1∏
k=0

es4(k+1)+s4k+3+s4k+2+s4k+1 > C

∞∑
n=1

n−1∏
k=1

ℓ(η2k+2)

ℓ(η2k)
e−

ℓ2k+1
2

+
ℓ2k+2

2 . (7.6)

By cancellations we get

n−1∏
k=1

ℓ(η2k+2)

ℓ(η2k)
e−

ℓ2k+1
2

+
ℓ2k+2

2 =
ℓ(η2n)

ℓ(η2)
e(ℓ2n−ℓ2n−1+···+ℓ4−ℓ3)/2.

By (7.1), we have that ℓ(η2n) > e−
ℓ2n+1

2 , which together with (7.6) and the above equality

gives for a modified constant C that

∞∑
n=1

es4n+s4n−1+...+s2+s1 > C
∞∑
n=1

e−
σ2n+1

2 . (7.7)

By Lemmas 7.4 and 7.2 we obtain

e−s4n+1−s4n−...−s2 =
[
e
− sinh−1 1

sinh ℓ(η2n) · e− sinh−1 1
sinh ℓ(η2n+1) · e

ℓ2n+1
2

]
·[ 1

sinh2 ℓ(η2n)
2

]
·
[
e
− sinh−1 1

sinh ℓ(η2n−1) · e− sinh−1 1
sinh ℓ(η2n) · e−

ℓ2n
2

]
·

[ 1

sinh2 ℓ(η2n−1)
2

]
· . . . ·

[ 1

sinh2 ℓ(η1)
2

] (7.8)

By using the inequalities e− sinh−1 1
sinh x > x

5
and e− sinh−1 1

sinh x

sinh x
2

> 1
1+x

for small x > 0, we

conclude that the right hand side of (7.8) is greater than

[ 2n∏
i=1

1

1 + ℓ(ηi)

]2
e
− sinh−1 1

sinh ℓ(η2n+1) e
ℓ2n+1−ℓ2n+·+ℓ3−ℓ2

2 .

By the above inequalities and by (7.2) we have for another constant C > 0 that

∞∑
n=1

e−s4n+1−s4n−...−s2−s1 > C

∞∑
n=1

e−
σ2n+2

2 . (7.9)

By summing (7.7) and (7.9) we obtain for some constant C > 0 that the piecewise
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horocyclic path has length ℓ(h) greater than

C
∞∑
n=1

e−
σn
2

and the assumption of the theorem implies that it is of infinite length. Thus X̃∗ accumulates

to one point in addition to its vertices. The parabolicity of X follows.

Here αn, ηn for n ≥ 1 are geodesic arcs of lengths l(αn), l(ηn) in H and lifts of the αn

and ηn in the surface (see Figure 7.4). Let pn = αn ∩ ηn for n ≥ 1 and qn = ηn−1 ∩ αn for

n ≥ 2. The αn, ηn are defined recursively given any α1 in H by the following procedure (see

right of Figure 7.4). If αn = [qn, pn] is odd, then ηn = [qn+1, pn] is the geodesic arc such

that the angle at pn from αn to ηn is π
2
. Given ηn = [qn+1, pn] is odd, we define the geodesic

arc αn+1 = [pn+1, qn+1] such that the angle at qn+1 from ηn to αn+1 is π
2
. If αn = [pn, qn] is

even, ηn = [pn, qn+1] is the geodesic arc such that the angle at pn from ηn to αn is π
2
. Given

ηn = [pn, qn+1] is even, αn+1 = [qn+1, pn+1] is defined such that the angle at qn+1 from αn+1

to ηn is π
2
. This recursive process is done using python programming on the computer that

illustrates the lifts of the closed geodesic arcs αn and ηn on the half-twist tight flute surface.

See Figure 7.5.

η1

η2

η3

η1

η2

η3

l1
2

Figure 7.4: Decomposition of one side of the surface into right-angled geodesic pentagons ([BHS], pg 22) and
lifts of αn, ηn.
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7.2 The Hakobyan slice of the space of flutes

Let Xa,b, with a > 0 and b > 0, and

ℓ2n = a ln(n+ 1) + b lnn, ℓ2n+1 = (a+ b) ln(n+ 1)

be a half-twist flute surface with the above lengths of geodesics on the boundary of a pants

decomposition (see [7]). Notice that {ℓn} is an increasing sequence because l2n+1 − l2n =

bln(n+1
n
) > 0 and l2n − l2n−1 = aln(n+1

n
) > 0 for all n. Basic calculations give σ2n+1 =

b ln(n + 1) + ℓ1 and σ2n = a ln(n + 1) − ℓ1. By Theorem 7.1 we have that Xa,b is parabolic

if and only if
∑∞

n=1 e
−σn

2 = ∞. The notation a ≍ b means there exist two positive constants

K1 and K2 such that K1 <
a
b
< K2. By computations in [7, Example 9.9], we get that

∞∑
n=1

e−
σn
2 =

∑
n≥0

e−
σ2n+1

2 +
∑
n≥1

e−
σ2n
2

= e−
ℓ1
2

∑
n≥0

1

(n+ 1)
b
2

+ e
ℓ1
2

∑
n≥1

1

(n+ 1)
a
2

≍
∞∑
k=1

k−min(a,b)
2 .

Conclude that the two domains Xa,b =? consist entirely of parabolic flutes in Figure 1.2.

Figure 7.5: A computer generated path of horocyclic concatenations for the flute surface Xa,b with a = 4
and b = 1.
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7.3 The symmetric finite ends surfaces

Let X be a Riemann surface with finitely many ends accumulated by genus as defined in

Section 6.3. Denote the ends of X by the collection {Xi}i=k
i=1. The handles in any end Xi

are cut off by simple closed geodesics βn. In each handle, choose a simple closed geodesic

γn. Denote the remaining geodesic boundaries accumulating in each end Xi by αn and their

lengths by ln. The δi, αn, βn, and γn separate the surface X into geodesic pairs of pants,

and the unique orthogeodesics between them divide each pants into right-angled geodesic

hexagons. When the twists on the αn in each end Xi of X are all 1
2
, then X is called a

half-twist symmetric ends surface.

Theorem 7.5. Let X be a hyperbolic surface with finitely many end surfaces {Xi}ki=1 accu-

mulated by genus as in Figure 6.3. Assume that the lengths of the simple closed geodesics

βn and γn are between two positive constants for each end surface. Let ℓn be the lengths

of simple closed geodesics αn accumulating at each end. Assume that ℓn is an increasing

sequence and the twists on αn are all equal to 1/2. Then, for each Xi,

∞∑
n=1

e−
σn
2 = ∞

if and only if X is parabolic, where σn = ℓn − ℓn−1 + · · ·+ (−1)n−1ℓ1.

Proof. Assume
∑∞

n=1 e
−σn

2 = ∞ for any fixed end Xi. Up to a quasiconformal map, we can

assume without loss of generality that the cut-off tori are isometric. In other words, we can

assume the simple closed geodesics βn and γn have the same length, and their twists are all 0.

There exists a front to back decomposition of X. Denote the front side of the end surface Xi

by X⋆
i . Let α̃n be the lifts of αn that connect the two boundary sides of a single isomorphic

lift of X⋆ \∪nγn. The α̃n are nested geodesic arcs, and by Remark 6.8, it is enough to prove

that the α̃n accumulate to a single point on S1. We adopt the computation from the proof

of Theorem 7.1.

Let g2n−1 be the geodesic that contains the lift α̃n for n = 1, 2, . . . and let g2n be the added

geodesic which shares one endpoint with g2n−1 and its other endpoint with g2n+1 as in Figure
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Figure 7.6: Lift of half of pairs of pants of Loch-Ness monster and associated shears.

7.1. Denote the orthogeodesic arc between the geodesics g2n−1 and g2n+1 by ηn. The lift X⋆
i

separates into right-angled hexagons that contain ηn as one of its sides, and whose adjacent

sides of length ℓn
2

and ℓn+1

2
lie on the geodesics g2n−1 and g2n+1. The side opposite ηn in

these hexagons is a lift of half of βn whose length is ℓ(βn)
2

(see Figure 7.6). Since ℓn → ∞

as n → ∞ and ℓ(βn) is bounded, we can assume without loss of generality that, for some

ℓ0 > 2, ℓn ≥ ℓ0 > 2 and

2e
ℓ(βn)

2
− ℓn+1

2
− ℓn

2 < 2 (7.10)

for n ≥ 1.

Use the formula for right-angled geodesic hexagons in ([9], Theorem 7.19.2) to get

ℓ(ηn) = cosh−1 cosh (
ℓ(βn)
2

) + cosh ( ℓn+1

2
) cosh ( ℓn

2
)

sinh ( ℓn+1

2
) sinh ( ℓn

2
)

.

In order to get a lower estimate for ℓ(ηn), observe

cosh−1 (1 + x) >
√
x (7.11)

for 0 < x < 2. This inequality holds since

cosh−1 (1 + 0) =
√
0 = 0,

d

dx
(cosh−1 (1 + x)) =

1√
x2 + 2x

>
1

2
√
x
=

d

dx
(
√
x)
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for 0 < x < 2. The initial assumption (7.10), (7.11), the hexagon formula, and the fact that

the ℓn are increasing give

ℓ(ηn) > cosh−1
1
2
e

ℓ(βn)
2 + 1

4
e

ℓn+1
2

+ ℓn
2

1
4
e

ℓn+1
2

+ ℓn
2

= cosh−1 (1 + 2e
ℓ(βn)

2
− ℓn+1

2
− ℓn

2 )

>
√
2e

ℓ(βn)−ℓn+1−ℓn
4 > e−

ℓn+1
2 .

The proof of an upper estimate for ℓ(ηn) needs the inequality

cosh−1 (1 + x) < 2
√
x (7.12)

for x > 0. The inequality holds because

cosh−1 (1 + 0) = 2
√
0 = 0,

d

dx
(cosh−1(1 + x)) =

1√
x2 + 2x

<
1√
x
=

d

dx
(2
√
x)

for x > 0. Then,

cosh ( ℓ(βn)
2

) + cosh ( ℓn+1

2
) cosh ( ℓn

2
)

sinh( ℓn+1

2
)sinh( ℓn

2
)

< 1 +
8emax{ ℓ(βn)

2
− ℓn+1

2
− ℓn

2
,−ℓn+1,−ℓn}

1− 2e−2ℓ0
.

By (7.12),

l(ηn) < cosh−1(1 +
8

1− 2e−2ℓ0
emax{ ℓ(βn)

2
− ℓn+1

2
− ℓn

2
,−ℓn+1,−ℓn})

<
4
√
2√

1− 2e−2ℓ0
emax{ ℓ(βn)

4
− ℓn+1

4
− ℓn

4
,− ℓn+1

2
,− ℓn

2
}

<
4
√
2√

1− 2e−2ℓ0
e

ℓ(βn)
4 e−

ℓn
2 .

With the bound on ℓ(βn), this gives the desired upper estimate.

We have

e−
ℓn+1

2 < ℓ(ηn) < Ce−
ℓn
2

for some C > 0 and for n ≥ 1.
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The proof that
∑∞

n=1 e
s4n+s4n−1+...+s2+s1 > C

∑∞
n=1 e

−σ2n+1
2 follows by the same lines as in

the proof of Theorem 7.1 because the geometric positions of the geodesics determining the

shears on gn are identical as seen in Figure 7.6. The above estimate e−
ℓn+1

2 < ℓ(ηn) finishes

the proof of the inequality.

The proof that
∑∞

n=1 e
−s4n+1−s4n−...−s2−s1 > C

∑∞
n=1 e

−σ2n+2
2 also follows by the proof of

Theorem 7.1 and the geometric positions in Figure 7.6.

Assume
∑∞

n=1 e
−σn

2 < ∞ for some Xi. Similar to the method performed in [7, pgs 41-42]

for half-twist flutes, we form a concatenation p of the summits of Saccheri quadrilaterals with

bases ηn starting from the point on α1 furthest from η1 that escapes the endXi. Consequently,

the length of the n-th summit is at most Ce−
σn−1

2 for some positive constant C. The path p

is finite from our assumption, and the fact that X is not parabolic immediately follows.

Consider the same symmetric end surface X with finitely many ends accumulated by

genus except for each Xi, the twists on the geodesics {αn}∞n=1 accumulating to its end are 0

as in Figure 6.4.

Theorem 7.6. Let X be a hyperbolic surface with finitely many end surfaces {Xi}ki=1 accu-

mulated by genus as in Figure 6.2. Assume that the lengths of the simple closed geodesics

βn and γn are between two positive constants for each end surface. Let ℓn be the lengths

of simple closed geodesics αn accumulating at each end. Assume that ℓn is an increasing

sequence and the twists on αn are all equal to 0. Then, for each Xi,

∞∑
n=1

e−
ln
2 = ∞

if and only if X is parabolic.

Proof. Assume
∑∞

n=1 e
− ln

2 = ∞ in each end Xi. Since e−
ln+1

2 < l(ηn) for all n, we obtain∑∞
n=1 l(ηn) = ∞. We prove that every escaping geodesic ray in Xi is infinite in length. The

parabolicity of X follows by Theorem 6.5.

Denote the front half of the end Xi by X⋆
i . Consider a geodesic ray r from a point on the
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Figure 7.7: A computer-generated path of horocyclic concatenations for the Loch-Ness monster surface Xa,b

with a = .5 and b = 6.2.

closed geodesic α1 in end, Xi, which escapes that end. Reflect r to the front X⋆
i . We obtain

a piecewise geodesic arc r⋆ in X⋆
i with the same length as r.

There are two cases to consider. The first case is that r⋆ enters finitely many (including

possibly zero) attached toruses in Xi. In such a case, r⋆ eventually enters no toruses. Notice

that after this point, the length of r⋆ between αn and αn+1 is at least the length of ηn. Since∑∞
n=k l(ηn) = ∞, the length of r⋆ is infinite.

The second case is that r⋆ enters infinitely many attached toruses. Since the lengths of

βn and γn are between two positive constants, we can assume without loss of generality that

the attached toruses are isomorphic. Therefore, the length of every βn is the same, and each

has a zero twist. That means the collar widths around each of the βn are the same. Since r⋆

passes through the full width of infinitely many identical collars, the length of r⋆ is infinite.

Assume
∑∞

n=1 e
− ln

2 < ∞. Recall l(ηn) < Ce−
ln
2 for some C > 0 and for n ≥ 1. That

implies the path along the ηn in X is finite. Therefore, the covering group is of the second

kind, and X is not parabolic.
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Chapter 8

Non-ergodicity of the geodesic flow on

a special class of Cantor tree surfaces

A Riemann surface X is parabolic, denoted by X ∈ OG, if it does not admit a Green’s

function-i.e., a harmonic function u : X → R+ with a logarithmic singularity at a single

point of X whose values limit to zero at the ideal boundary (Ahlfors-Sario [3]). It is known

that X ∈ OG if and only if the geodesic flow (for the conformal hyperbolic metric) on

the unit tangent bundle of X is ergodic if and only if the Poincaré series for the covering

Fuchsian group diverges if and only if the Brownian motion on X is recurrent (see Nicholls

[15], Sullivan [20], Tsuji [21], Basmajian-Hakobyan-Šarić [7]).

When X is of finite type, then X ∈ OG if and only if X has finite area. A Riemann surface

X is said to be infinite if its fundamental group cannot be finitely generated. An infinite

Riemann surface is determined by a fixed geodesic pants decomposition and the Fenchel-

Nielsen parameters associated to the pants decomposition (Basmajian-Šarić [8]). As in [7],

we consider the question of deciding when X ∈ OG based on its Fenchel-Nielsen parameters.

A Cantor tree Riemann surface XC is conformal to the complement of a Cantor set in the

Riemann sphere. Equivalently, XC is constructed by isometrically gluing countably many

geodesic pairs of pants along their boundary geodesics (called cuffs) to form the “shape”

of the dyadic tree (see Figure 1.3). In addition to the lengths of its cuffs, the Cantor tree
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Riemann surface XC is determined by the twists along the cuffs.

The cuffs of XC are grouped in the levels based on the level in the dyadic tree. At level

zero, we have a single cuff, which is at the top of XC in Figure 1.3. At level one, we have

four cuffs, and at level n ≥ 1, we have 2n+1 cuffs. Denote by {αj
n}2

n+1

j=1 the level n cuffs from

left to right in Figure 1.3.

McMullen [13] proved if there is a C > 0 such that 1/C ≤ ℓ(αj
n) ≤ C then X /∈ OG.

This is a consequence of the fact that the Brownian motion has many directions to escape

to infinity when the ideal boundary is large, in our case the Cantor set, and the cuffs (the

openings) are not short. In the case when the cuffs are short Basmajian, Hakobyan and

Šarić [7] proved XC ∈ OG if there is C > 0 such that

ℓ(αj
n) ≤ C

n

2n
,

where ℓ(·) is the hyperbolic length in X.

More recently, Šarić [18, Theorem 8.3] proved that if

ℓ(αj
n) =

nr

2n

for r > 2, and for all n ≥ 1 and j = 1, 2, . . . , 2n+1 then X /∈ OG. Thus, the Brownian motion

escapes to infinity even when the cuffs are short in this controlled fashion.

The remaining case to consider is whether XC is parabolic or not for 1 < r ≤ 2. We show

the following.

Theorem 8.1. Let XC be the Cantor tree surface as depicted in Figure 1.3 and {αj
n}2

n+1

j=1

the cuffs at the level n. The cuff lengths are decreasing along each end. Then XC /∈ OG if

there is an r > 1 such that

C1
nr

2n
≤ ℓ(αj

n) ≤
C2

n2

for some universal constants C1, C2 > 0.

Even for r > 2, the scope of our theorem is slightly more general than [18, Theorem
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Figure 8.1: A computer-generated picture of an isomorphic lift to H of the front of a Cantor tree X. Lengths
of cuffs vary between bounds in Theorem 8.1, where r = 1.5. The picture shows its geodesic flow escapes
to infinity along every end due to the sizes of its cuffs. In the picture, X is not parabolic since its Dirichlet
integral is finite. There is a large amount of space on X for the geodesics to escape towards many components
of its end space δ∞X.

8.3] because we allow the lengths of the cuffs to vary with the given lower bound. We also

extend our result to surfaces with infinite genus and a Cantor set of ends, called the blooming

Cantor tree surfaces X̃C (see Figure 1.4). To construct the blooming Cantor tree from the

Cantor tree, attach a geodesic surface of genus at most C and two boundaries, or do not, to

each level n boundary αj
n (see that α1

0 = α2
0 = α0) and redefine αj

n to be the boundary of the

attached surface further away from α0 for n ≥ 0 and for 1 ≤ j ≤ 2n+1 and for a universal

constant C > 0. We can add 2n+1 surfaces at the level n of genus at most C for n ≥ 0.

Assume the lengths of cuffs along each attached geodesic surface are decreasing.

Theorem 8.2. Let X̃C be the blooming Cantor tree surface and {αj
n}2

n+1

j=1 the cuffs at the

level n as depicted in Figure 1.4. The cuff lengths are decreasing along each end and each

geodesic subsurface between level n and level n+1 boundaries of X̃C has genus bounded above

by C > 0. Then X̃C /∈ OG if there is an r > 1 such that

C1
nr

2n
≤ ℓ(αj

n) ≤
C2

n2

for some universal constants C1, C2 > 0.
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8.1 Partial measured foliations and a sufficient condition for a

surface to be non-parabolic

Let X = H/Γ be an infinite Riemann surface, where H is the hyperbolic plane and Γ is

a Fuchsian covering group. For our purposes, a special case of the definition in [18] with

Ei = Ui is enough.

Definition 8.3 ([18]). A partial measured foliation F on X is an assignment of a collection

of sets {Ui}i of X (which do not have to cover the entire surface X) and continuously

differentiable (with surjective tangent map) real-valued functions

vi : Ui → R.

The sets Ui are closed Jordan domains with piecewise differentiable boundaries. We define

an arc in X to be the image of a continuous function from a closed interval into X. The

pre-image v−1
i (c) for c ∈ R, if non-empty, is a connected differentiable arc with endpoints on

∂Ui, and

vi = ±vj + const (8.1)

on Ui ∩ Uj. The collection of sets {Ui}i is locally finite in X.

Let F be a fixed partial measured foliation on the surface X. An arc in X is said to be

a horizontal arc if it is expressible as a finite or infinite connected union of arcs defined by

v−1
i (ci) for some collection of real numbers ci. When an arc in X is a maximal horizontal

arc, it is called a horizontal trajectory of F . A partial measured foliation is proper if each

end of the lift to the universal cover H of every horizontal trajectory approaches a distinct

point on the ideal boundary of H.

The Dirichlet integral (see [3]) of a continuously differentiable function vi : Ui → R is

∫
Ui

[(
∂vi
∂x

)2 + (
∂vi
∂y

)2]dxdy. (8.2)
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The Dirichlet integral DX(F ) of F over X is

DX(F ) =
∑
i

∫
Ui

[(
∂vi
∂x

)2 + (
∂vi
∂y

)2]dxdy,

when the Ui’s are non-overlapping sets up to a set of measure zero. A proper partial measured

foliation F on X is integrable if DX(F ) < ∞.

From [18, Theorem 3.3] and [18, Theorem 4.1] it immediately follows

Theorem 8.4. If there is a non-trivial integrable partial measured foliation of a Riemann

surface X with leaves that escapes every compact subset of X at both ends, then X is not

parabolic.

8.2 Proof of Theorems 8.1 and 8.2

Define a to be asymptotic to b, denoted by a ≍ b, to mean that there is a constant 1 ≤ k < ∞

such that 1
k
≤ a

b
≤ k. Define a to be asymptotically less than b, notated by a ≲ b, to mean

that there is a constant 1 ≤ k < ∞ such that a
b
≤ k.

It is enough to construct an integrable partial measured foliation on XC when all twists

are zero because varying the twists by a bounded amount is a quasiconformal deformation

[4] and parabolicity is a quasiconformal invariant [3]. Each geodesic pair of pants is divided

into two right-angled hexagons by three orthogeodesic arcs between the pairs of cuffs. Since

all twists are zero, the union of the orthogeodesic arcs forms a family of bi-infinite geodesics

that separates XC into two symmetric halves permuted by an orientation-reversing isometry

(see Figure 1.3).

Consider a pair of pants Π from the decomposition with boundaries α1, α2, and α3. Let

oi,j be the orthogeodesic arc between αi and αj, for i, j ∈ {1, 2, 3} such that i ̸= j. The

union o1,2 ∪ o1,3 ∪ o2,3 separates Π into front and back hexagons H1 and H2 with geodesic

boundaries. Let a1 be the orthogeodesic from α1 to o2,3 that separates H1 into two right-

angled pentagons and divides α1 in H1 from left to right into the sub-arcs p and q. Call

Pp the pentagon containing p (see Figure 8.2), and Pq the pentagon containing q. Since the
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α1

α2

P

R

oP

oR

o1,2

b1

a1

p

Figure 8.2: Horizontal foliation through P ∪R.

lengths of α2 and α3 are not necessarily the same, p is not necessarily equal to q.

The orthogeodesic b1 from a1∩o2,3 to o1,2 divides Pp into quadrilaterals P and R adjacent

to α1 and α2. Let oP be the sub-arc of o1,2 in P and let oR be the sub-arc of o1,2 in R (see

Figure 8.2). Lift P isometrically to H as follows. Lift the geodesic arc oP , starting at α1, to

the y-axis from i to eℓ(oP )i and call it õP . Each point w in P belongs to a hyperbolic geodesic

arc γw0 orthogonal to oP with foot w0 on oP . Map γw0 to the geodesic arc γ̃w0 orthogonal to

the y-axis in H, to its right, and whose foot on the y-axis is the lift w̃0 of w0 for each w0 in

oP . That defines an isometric lift P̃ of P to H. Denote the lift of a1 by ã1.

Consider the hyperbolic Lambert quadrilateral ABCD such that ∠CDA is acute.

We will use the equations

cosh (BC) = tanh (CD) coth (AB) ,

sinh(AD) = sinh(BC) cosh(CD),

cos(∠CDA) = sinh(BC) sinh(AB),

cosh(BC) = cosh(AD) sin(∠CDA)

from [11, Theorem 2.3.1(iv), (v), (i), (iii)]. For any right-angled pentagon with consecutive

sides a, b, c, d, and e, we will use the equation

cosh(c) = coth(b) coth(d)
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from [11, Theorem 2.3.4(ii)]. Additionally, for any right-angled hexagon with consecutive

sides a1, b2, a3, b1, a2, and b3, we will use the equation

cosh(b1) sinh(a2) sinh(a3) = cosh(a1) + cosh(a2) cosh(a3) (8.3)

from [9, Theorem 7.19.2]. For a pentagon with consecutive side-lengths a, b, c, d, and e such

that the angle opposite the side of length b has measure ϕ and the remaining angles are

right-angles, we will use the equation

cosh(a) cosh(c) + cos(ϕ) = sinh(a) cosh(b) sinh(c)

from [9, Theorem 7.18.1].

x

z = x+ iy

dPh (x)

y

v = 0 x

v = 1

Figure 8.3: The image f(P̃ ) of a lift of Lambert quadrilateral P in X by a diffeomorphism f .

Map õP to [0, ℓ(oP )] on R and each γ̃w0 inH to a Euclidean segment orthogonal to [0, ℓ(oP )]

that is below the x-axis and has Euclidean length equal to its hyperbolic length in H. That

defines f : P̃ → C (see Figure 8.3). The Euclidean length of f(γ̃w0), where f(w̃0) = x, by

the definition of f and a formula for Lambert quadrilaterals from [11, Theorem 2.3.1(iv)] is

dPh (x) = tanh−1(coshx tanh ℓ(p)). (8.4)

Define a real-valued, continuously differentiable function vP with dPh (x) from (8.4) to be

vP (x+ iy) =
y

−dPh (x)
=

−y

tanh−1(coshx tanh ℓ(p))

for z = x + iy in f(P̃ ). The function v = vP defines a horizontal foliation in f(P̃ ) with
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leaves defined by v−1
P (c) for 0 ≤ c ≤ 1 (see Figure 8.3). We obtain an upper estimate of

the integrand of the Dirichlet integral over f(P̃ ) and then use it to estimate the integral for

sufficiently small lengths of α1, α2, and α3. Use

lim
x→0+

sinh−1 (sinhx cosh (sinh−1 (cothx))) = sinh−1 1 ≈ 0.88137, (8.5)

and ℓ(αn) ≤ C2

n2 for n ≥ 1 and for level n cuffs αn, to conclude that the quantity

D = sinh−1 (sinhA cosh (sinh−1 (cothA)))

such that A = max{ ℓ(α2)
2

, ℓ(p)} in Lemma B.3 is uniformly bounded for f(P̃ ).

By Lemma B.3(2), d/dx(tanh−1 x) = 1/(1 − x2), tanh−1 x ≥ x for x ≥ 0, ℓ(p) → 0, and

x ≲ tanhx for small x > 0 using the concavity of tanhx,

(
∂vP
∂x

)2 = y2[
1

tanh−1 (tanh ℓ(p) coshx)
]4[

tanh ℓ(p) sinhx

1− [tanh ℓ(p) coshx]2
]2

≲
y2

tanh2 ℓ(p)
tanh2 x sech2 x ≲

y2

ℓ(p)2
tanh2 x sech2 x,

and

(
∂vP
∂y

)2 = [
1

tanh−1(tanh ℓ(p) coshx)
]2 ≲

1

ℓ(p)2
sech2 x.

By [11, Theorem 2.3.4(ii)], sinh (cosh−1 x) < x for x > 1, and x ≲ tanhx for small x > 0

using the concavity of tanhx,

ℓ(p) sinh ℓ(o1,2) = ℓ(p) sinh (cosh−1 (
1

tanh ℓ(α2)
2

tanh ℓ(p)
)) ≲

1

ℓ(α2)
. (8.6)
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We integrate, use equations (8.4) and (8.6), and Lemma B.3(3) to get

∫∫
f(P̃ )

(
∂vP
∂x

)2 ≲
1

ℓ(p)2

∫ ℓ(oP )

0

∫ dPh (x)

0

y2 tanh2 x sech2 xdydx

≲ ℓ(p)

∫ ℓ(oP )

0

sinhx tanhxdx < ℓ(p)

∫ ℓ(oP )

0

coshxdx

< ℓ(p) sinh ℓ(o1,2) ≲
1

ℓ(α2)
.

In addition, by Lemma B.3(3) and
∫∞
0

sechxdx = π
2
we get

∫∫
f(P̃ )

(
∂vP
∂y

)2 ≲
1

ℓ(p)2

∫ ℓ(oP )

0

∫ dPh (x)

0

sech2 xdydx

≲
1

ℓ(p)

∫ ℓ(oP )

0

sechxdx ≲
1

ℓ(p)
.

The above, together with Lemma B.3(4), gives

∫∫
f(P̃ )

(
∂vP
∂x

)2 + (
∂vP
∂y

)2 ≲
1

ℓ(α2)
+

1

ℓ(p)
≲

1

ℓ(α1)
+

1

ℓ(α2)
.

The orthogeodesic from the point a1 ∩ o2,3 to o1,3 divides Pq into quadrilaterals Q and

S adjacent to α1 and α3 (see Figure 8.2). By the analogous notation and derivations, we

obtain ∫∫
f(P̃ )∪f(R̃)

(
∂v

∂x
)2 + (

∂v

∂y
)2 ≲

1

ℓ(α1)
+

1

ℓ(α2)
,∫∫

f(Q̃)∪f(S̃)
(
∂v

∂x
)2 + (

∂v

∂y
)2 ≲

1

ℓ(α1)
+

1

ℓ(α3)
.

(8.7)

Lemma C.1 enables us to estimate the Dirichlet integrals of the foliations of quadrilaterals

P , Q, R, and S in the front of Π from above using the inequality [2]

∫∫
Ω̃

[(
∂(v ◦ f)

∂ξ
)2 + (

∂(v ◦ f)
∂η

)2]dξdη ≤ k0

∫∫
f(Ω̃)

[(
∂v

∂x
)2 + (

∂v

∂y
)2]dxdy, (8.8)

where Ω̃ is P̃ , Q̃, R̃, or S̃.

To summarize the next step, we define an integrable partial measured foliation F sup-

ported on the front of the Cantor tree surface XC by scaling the partial foliations defined
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by vP , vQ, vR, and vS in every pair of pants in the decomposition of XC in order for the

transverse measures on the common boundaries of any two quadrilaterals to agree. The

transverse measures on the “vertical” boundaries of the quadrilaterals P , Q, R, and S that

are given by integrating the differentials dvP , dvQ, dvR, and dvS are proportional to the

hyperbolic lengths, and on each vertical boundary, the corresponding measure equals to 1.

Let P n,j, Qn,j, Rn,j, and Sn,j be the Lambert quadrilaterals P , Q, R, and S in the front

of a level n pair of pants Πn,j of X with the front of a level n − 1 cuff αj
n−1 as a boundary

for n ≥ 1 and for each 1 ≤ j ≤ 2n (see that α1
0 = α2

0 = α0). Define the geodesic arcs pjn−1

and qjn−1 to be in the front hexagon of the pair of pants as the intersections P n,j ∩ αj
n−1 and

Qn,j ∩ αj
n−1. We define the relative lengths of pjn−1 and qjn−1 by

ℓ0n−1,j =
ℓ(pjn−1)

ℓ(αj
n−1)/2

and ℓ1n−1,j =
ℓ(qjn−1)

ℓ(αj
n−1)/2

.

Let vn,jP , vn,jQ , vn,jR , and vn,jS be the partial measured foliations of f(P̃ n,j), f(Q̃n,j), f(R̃n,j),

and f(S̃n,j) for n ≥ 1 and for each 1 ≤ j ≤ 2n as the foliations vP , vQ, vR, and vS for f(P̃ ),

f(Q̃), f(R̃), and f(S̃).

Each pair of pants Πn,j starting from the top cuff α0 can be reached by a unique path

of n consecutive cuffs. In addition, at each cuff in the path, with the exception of the last

cuff, we can choose either p or q depending on whether the next cuff is to the left or the

right. The new function w that defines the partial measured foliation F is obtained by

multiplying the foliations of f(P̃ n,j) and f(R̃n,j) with the product of the relative lengths of

the corresponding choices of p’s and q’s on the path of cuffs times the relative length of pjn

(see Figure 8.4), and by multiplying the foliations of f(Q̃n,j) and f(S̃n,j) with the product of

the relative lengths of the corresponding choices of p’s and q’s on the path of cuffs times the

relative length of qjn. In this fashion, the transverse measures of the foliations of adjacent

quadrilaterals on the common side of the quadrilaterals given by the function w are equal,

and w defines a partial measured foliation supported on the front side of XC .
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q0

q21

p42

Figure 8.4: Illustration of how to choose p’s and q’s for the product of relative lengths.

The function w induces the measure on α0 of mass 1. The total mass of transverse measure

on αj
n is

Πn−1
k=0ℓ

ik
k,j, (8.9)

where ik ∈ {0, 1} depending on the path of consecutive cuffs from α0 to αj
n.

Let T =
∑∞

n=1
1
n2 < ∞. From Appendix B.1,

1

2
e
− C2

(k+1)2 ≤ ℓikk,j ≤
1

2
e

C2
(k+1)2

for 0 ≤ k ≤ n− 1. Use the above inequalities for 0 ≤ k ≤ n− 1 to obtain

1

2n
e−C2T ≤ 1

2n
e−C2

∑n
k=1

1
k2 ≤ Πn−1

k=0ℓ
ik
k,j ≤

1

2n
eC2

∑n
k=1

1
k2 ≤ 1

2n
eC2T .

That means

Πn−1
k=0ℓ

ik
k,j ≍

1

2n
. (8.10)

Therefore, the transverse measures of F on pjn and qjn are both asymptotic to 1
2n
.

By (8.10), (8.7), ℓ(αj
n) ≥ nr

2n
, and the symmetry of a pair of pants, the Dirichlet integral
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of w over any level n pair of pants Πn,j equals

2

[∫∫
f(P̃n,j)∪f(R̃n,j)

(
∂w

∂x
)2 + (

∂w

∂y
)2 +

∫∫
f(Q̃n,j)∪f(S̃n,j)

(
∂w

∂x
)2 + (

∂w

∂y
)2
]

≤ K1

[
(µn,j

P )2
(

1

ℓ(α1)
+

1

ℓ(α2)

)
+ (µn,j

Q )2
(

1

ℓ(α1)
+

1

ℓ(α3)

)]
≤ K2[max{µn,j

P , µn,j
Q }]2 · 2

n

nr
≤ K3

1

22n
2n

nr
= K3

1

2n · nr

for some K1, K2, K3 > 0, where µn,j
P and µn,j

Q are the transverse measures of F on pjn and

qjn.

Since there are 2n level n pairs of pants, we have for some K > 0 that

DXC
(F ) ≤ K

∞∑
n=1

1

nr
< ∞.

By construction, both rays of every leaf in F leave every compact subset of XC . Therefore

XC /∈ OG, and this finishes the proof of Theorem 8.1.

We proceed to assume that X̃C is the blooming Cantor tree surface with the properties

stated in Theorem 1.2 . Assume, without loss of generality, no surface of genus at most C

and two boundaries is attached to α0. Refer to the front of the surface as X̃ for simplicity.

Consider a geodesic pants decomposition of a surface with genus at most C and two geodesic

boundaries, denoted by Sg,2. For each pair of pants in the decomposition of Sg,2, a collection

of closed geodesic arcs separates it into two symmetric sides permuted by an orientation-

reversing isometry. Choose any pair of pants in the decomposition of Sg,2 and choose one of

its sides to be its front. Define the front of each adjacent pair of pants in the decomposition

of Sg,2 as the side that is adjacent to the front of the chosen pair of pants. Repeat this

procedure inductively until the front of each pair of pants in the decomposition of Sg,2 is

defined. We define the front of Sg,2 as the union of the fronts of the pairs of pants in its

decomposition. Denote by Sj
n the subset of X̃ that is the union of the front of a level n pair

of pants and the fronts of the sub-surfaces possibly attached to each of its level n boundaries

with genus at most C and two geodesic boundaries for n ≥ 1 and for each 1 ≤ j ≤ 2n.
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Decompose Sj
n into at most 8C +2 sub-regions, half of which are examples of P ∪R regions,

while the rest are examples of Q ∪ S regions. Let F be a partial measured foliation of X̃

modified by a function w that is defined similarly as in Theorem 8.1. By a similar argument

used for Theorem 8.1, the transverse measures of F on pjn and qjn are both asymptotic to

1
2n
. Therefore, from the estimates in (8.7), Appendix C.1, and inequality ℓ(αj

n) ≥ C1
nr

2n
for

n ≥ 1 and for each 1 ≤ j ≤ 2n+1,

∫∫
Sj
n

(
∂w

∂x
)2 + (

∂w

∂y
)2 ≤ K

1

22n
2n

nr
= K

1

2n · nr
.

for some K > 0. Since there are 2n sub-surfaces Sj
n for n ≥ 1 on both the front and back of

the surface X̃C , we have for some K > 0 that

DX̃C
(F ) ≤ K

∞∑
n=1

1

nr
< ∞.

By construction, both rays of every leaf in F leave every compact subset of X̃C . Therefore

X̃C /∈ OG, and this finishes the proof of Theorem 8.2.
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Appendix A

Let {gn} be a nested sequence of geodesics in D. Assume each gn has exactly one ideal

endpoint on S1 in common with gn+1 and that no three consecutive geodesics gn have an

ideal endpoint in common. The space between gn and gn+1 in D is called a wedge Wn for

each n ≥ 1. The shared ideal endpoint of gn and gn+1 is the vertex of wedge Wn.

For any fixed point P1 on g1, there is a unique concatenation h of horocyclic arcs hn in

wedges Wn that connects the sides of every gn starting at P1. In the appendix, we prove

that the nested sequence of geodesics {gn} accumulates to a single point on S1 if and only

if the piecewise horocyclic path h has infinite length. In addition, we also prove formulas

that give the lengths of the horocyclic arcs hn inside wedges Wn in terms of the shears of

the geodesics up to and including gn. Both results use the ideas from [17, Theorem C], and

we give a proof for the convenience of the reader.

Proposition A.1. Let {gn}∞n=1 be a nested sequence of geodesics and h a piecewise horocyclic

path as above. Then the nested sequence {gn}n accumulates to a single point on S1 if and

only if h has infinite length.

Proof. Assume that the piecewise horocyclic path h has a finite length. If the geodesics gn

accumulates to a single point on S1, then the path h contains a sequence of points that

converges toward that point on S1. Since the distance from P1 to any point on the ideal

boundary is infinite, it means that h has an infinite length which is a contradiction. Thus,

gn does not accumulate to a single point on S1.

To prove the converse, assume that the geodesics gn converge to a geodesic g⋆ in D. Then

the goal will be to prove that h has a finite length. Since the geodesics gn accumulate to the
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P1

h

a g∗

Figure A.1: The piecewise horocyclic arc h and the orthogeodesic a.

geodesic g⋆, we can find an orthogeodesic arc a from g1 to g⋆. The length of a is finite, and

its length compares to the length of h (see Figure A.1).

Let Wn be the wedge between gn and gn+1. Call an = a ∩Wn and hn = h ∩Wn. Denote

the geodesic arc on gn whose endpoints are a ∩ gn and h ∩ gn by dn.

Let h′
n be the horocyclic arc from gn∩an to gn+1 centered at the vertex of wedge Wn. Let

bn be the geodesic subarc of gn+1 between an ∩ gn+1 and h′
n ∩ gn+1. Let cn be the geodesic

arc that connects the endpoints of h′
n. The geodesic arcs an, bn, and cn form the three sides

of a geodesic triangle. Let αn be the angle in this triangle opposite an, and let βn the angle

opposite to bn (see Figure A.2). The sine formula gives

sinh ℓ(an)

sinαn

=
sinh ℓ(bn)

sin βn

. (11)

We prove that 0 < αl ≤ αn ≤ αu < π for all n. Use a Möbius function to map the wedge

Wn in D to the wedge in H whose vertex is ∞ and whose boundary geodesics (0,∞) and

(1,∞) are images of gn and gn+1, respectively. Denote the images of an, bn, cn, h
′
n and αn

by the same letters (see Figure A.3). The length ℓ(an) is bounded above by ℓ(a) < ∞ for
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gn

hn

gn+1

h′
n

dn

dnbn

an

cn

αn

βn

Figure A.2: The comparison between an and hn.

all n. Consequently, there is a positive lower bound y0 > 0 on the heights of the points

in an for each n. Then, the horocyclic arc h′
n has Euclidean height at least y0 > 0. Also,

the Euclidean circle that contains the geodesic arc cn has a center of 1/2 ∈ R and a radius

greater than y0. By elementary Euclidean geometry, these bounds imply the existence of

0 < αl < αu < π such that αn ∈ [αl, αu] for all n.

From (11) and the fact that αl ≤ αn ≤ αu, we conclude that

ℓ(bn) ≤ Cℓ(an) (12)

for some constant C > 0 and for n ≥ 1. By Figure A.3 and inequality (12), we obtain

ℓ(dn+1) = ℓ(dn) + ℓ(bn) ≤ ℓ(dn) + Cℓ(an)

which implies

ℓ(dn+1) ≤ ℓ(d1) + C
n∑

i=1

ℓ(ai) ≤ ℓ(d1) + Cℓ(a). (13)

The notation a ≍ b means there exists positive constants k1, k2 > 0 such that k1 ≤ a
b
≤ k2.
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cn

h′
n

an

0 1
2 1

αn

bn

Figure A.3: The wedge with vertex ∞.

Using (13), we obtain ℓ(h′
n) ≍ ℓ(hn). Observe

ℓ(cn) ≤ ℓ(an) + ℓ(bn) ≤ (1 + C)ℓ(an) ≤ (1 + C)ℓ(a).

This observation and the fact that h′
n and cn share endpoints imply ℓ(h′

n) ≍ ℓ(cn). Therefore

ℓ(h) =
∞∑
n=1

ℓ(hn) ≍
∞∑
n=1

ℓ(h′
n) ≍ (1 + C)

∞∑
n=1

ℓ(an) = (1 + C)ℓ(a) < ∞.

This completes the proof of the proposition.

We find the length of the horocyclic arc hn in terms of the shears s(gi) on the geodesics

gi from i = 1 to i = n. Consider two wedges, W1 and W2, which share a common geodesic

edge g2 such that the vertices of the wedges are the endpoints of g2. The wedge W1 is the

space between geodesics g1 and g2, and the wedge W2 is the space between geodesics g2 and

g3. If g2 is a geodesic from the initial point of g1 to the terminal point of g3, the pair of

wedges (W1,W2) is said to be left-open (see the left side of Figure A.4). Otherwise, if the

geodesic g2 connects the initial point of g3 and the terminal point of g1, the pair of wedges
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(W1,W2) is left-closed (see right side of Figure A.4).

g1

g2

g3
g1

g2 g3

Figure A.4: A left-open and a left-closed pair of wedges (W1,W2).

Lemma A.2. Let (W1,W2) be a pair of adjacent wedges and let h1 be a horocyclic arc

orthogonal to and connecting the boundary sides of W1. Let s(g2) be the shear along the

common boundary geodesic g2 of (W1,W2) of the ideal quadrilateral with vertices equal to the

endpoints of g1 and g3. Let h2 be the horocyclic arc in W2 orthogonal to its boundary that

continues h1.

If (W1,W2) is left-open then

ℓ(h2) =
es(g2)

ℓ(h1)
,

where ℓ(h1) and ℓ(h2) are the lengths of h1 and h2.

If (W1,W2) is left-closed then

ℓ(h2) =
e−s(g2)

ℓ(h1)
.

Proof. We map a left-closed wedge (W1,W2) into H so that the common boundary geodesic

of the wedges gets mapped to g2 = (0,∞), and the endpoint of g1 not on g2 gets mapped to

−1. Since s(g2) is the value of the shear on geodesic g2, we have that the geodesic g3 gets

mapped to (0, es(g2)). The horocyclic arc between g1 and g2 is a horizontal Euclidean line

segment that meets g2 at the point iy1 (see Figure A.5).

61



−1 0 es(g2)

W1 W2

h1

h2iy1

m(W2)

i
y1

m(W1)

−e−s(g2) 10

m(z) = − 1
z

Figure A.5: The left-closed pair of wedges with the vertex ∞.

We calculate the length l(h1) to be
1
y1
. Define the Mobius mapm(z) = −1

z
. The Mobiusm

sends the geodesic g2 to itself, and g3 to the geodesic m(g3) = (−e−s(g2),∞). The horocyclic

arc h2 between geodesics g2 and g3 gets mapped to the horizontal Euclidean line segment of

height 1
y1

between m(g3) and m(g2) = g2. Therefore,

ℓ(h2) = ℓ(m(h2)) = e−s(g2)y1 =
e−s(g2)

l(h1)
.

The length of h2 for left-open wedges is determined similarly.

We find the length of the nth horocyclic arc hn in terms of the length l(h1) of the first

horocyclic arc and in terms of the shears of all of the geodesics up to and including gn.

Proposition A.3. Let {gn}∞n=1 be the above nested family of geodesics and let sn = s(gn) be

the corresponding shears. Let h be a curve obtained by concatenation of horocyclic arcs hn

orthogonal to and connecting two boundary geodesics of each wedge Wn starting at a point

P1 ∈ g1. Choose P1 ∈ g1 such that the horocyclic arc h1 = h∩W1 has length e−s1. Then, for

n odd,

ℓ(hn) = e−s1−s2−···−sn

62



and, for n even,

ℓ(hn) = es1+s2+···+sn

Proof. Consider the wedge Wn such that n > 1. By Lemma A.2, and the fact that the pair of

adjacent wedges (W1,W2) is left-open, we have l(h2) =
es2
l(h1)

= es1+s2 . Also, by Lemma A.2,

since the pair of adjacent wedges (W2,W3) is left-closed, we have L(h3) =
e−s3

l(h2)
= e−s1−s2−s3 .

The result follows by induction.
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Appendix B

Let Π be a geodesic pair of pants with boundaries α1, α2, and α3. The following observations

concerning Π are exactly the same as in Section 3. Let oi,j be the orthogeodesic arc between

αi and αj, for i, j ∈ {1, 2, 3} such that i ̸= j. The union o1,2 ∪ o1,3 ∪ o2,3 separates Π into

front and back hexagons H1 and H2 with geodesic boundaries. Let a1 be the orthogeodesic

from α1 to o2,3 that separates H1 into two right-angled pentagons and divides α1 in H1 from

left to right into the sub-arcs p and q (see Figure 8.2). Call Pp the pentagon containing p

(see Figure 8.2), and Pq the pentagon containing q. The orthogeodesic b1 from a1 ∩ o2,3 to

o1,2 divides Pp into quadrilaterals P and R adjacent to α1 and α2. Let oP be the sub-arc of

o1,2 in P and let oR be the sub-arc of o1,2 in R (see Figure 8.2).

Observe that

d

dx
(

sinhx

A+ coshx
)|x=0 =

1

A+ 1
and

d

dx
(tanh(

x

2A
))|x=0 =

1

2A
.

It is also true that

1

A+ 1
>

1

2A

if and only if A > 1 or A ∈ (−1, 0). Let A > 0. For small x > 0, we get A > 1 if and only if

sinhx

A+ coshx
> tanh (

x

2A
), (14)

with equality if and only if A = 1.
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Recall that the relative lengths associated with α1 in the front of Π is

ℓ0 =
ℓ(p)
ℓ(α1)
2

and ℓ1 =
ℓ(q)
ℓ(α1)
2

.

Let ℓ = ℓ0 or ℓ = ℓ1.

Lemma B.1. Assume C2

(n+1)2
≥ max{ℓ(α2), ℓ(α3)} for a positive constant C2 and for some

n ≥ 1. Moreover, assume that ℓ(α1) > 0 is small enough so that inequality (14) holds when

x = ℓ(α1)
2

. Then, any relative length ℓ associated with α1 in the front of Π satisfies

1

2
e
− C2

(n+1)2 ≤ ℓ ≤ 1

2
e

C2
(n+1)2 .

Proof. Using a formula for right-angled pentagons [9, Theorem 7.18.1],

tanh ℓ(p) cosh ℓ(o1,2) tanh
ℓ(α2)

2
= 1. (15)

A formula for right-angled hexagons [9, Theorem 7.19.2], gives

cosh ℓ(o1,2) =
cosh ℓ(α3)

2

sinh ℓ(α1)
2

sinh ℓ(α2)
2

+ coth
ℓ(α1)

2
coth

ℓ(α2)

2
. (16)

Use (14), (15), and (16) to obtain for the relative length ℓ0 that

ℓ0 =
2

ℓ(α1)
tanh−1 (

sinh ( ℓ(α1)
2

)

cosh (
ℓ(α3)

2
)

cosh (
ℓ(α2)

2
)
+ cosh ( ℓ(α1)

2
)
)

≥ 1

2
[
cosh (min { ℓ(α2)

2
, ℓ(α3)

2
})

cosh (max { ℓ(α2)
2

, ℓ(α3)
2

})
]

>
e−max {ℓ(α2),ℓ(α3)}

2
.

Fix a positive constant C2 and fix some value of n ≥ 1. From the assumption that

C2

(n+1)2
≥ max{ℓ(α2), ℓ(α3)}, the above is greater than or equal to

1

2
e
− C2

(n+1)2 .
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Similarly, we obtain the same lower bound for ℓ1 for C2 > 0 and for n ≥ 1. Let

B =
sinh( ℓ(α1)

2
)

cosh (
ℓ(α3)

2
)

cosh (
ℓ(α2)

2
)
+ cosh ( ℓ(α1)

2
)
.

Use (14) and coshx is increasing to obtain

B < tanh

 ℓ(α1)
2

2

(
cosh (

ℓ(α3)
2

)

cosh (
ℓ(α2)

2
)

)


= tanh ([
cosh (max { ℓ(α2)

2
, ℓ(α3)

2
})

cosh (min { ℓ(α2)
2

, ℓ(α3)
2

})
]
ℓ(α1)

4
)

if ℓ (α3) < ℓ (α2), and

B ≤
sinh( ℓ(α1)

2
)

1 + cosh ( ℓ(α1)
2

)

= tanh

(
ℓ(α1)
2

2(1)

)

≤ tanh ([
cosh (max { ℓ(α2)

2
, ℓ(α3)

2
})

cosh (min { ℓ(α2)
2

, ℓ(α3)
2

})
]
ℓ(α1)

4
)

if ℓ (α3) ≥ ℓ (α2). Therefore,

ℓ0 =
2

ℓ(α1)
tanh−1(B)

≤ 2

ℓ(α1)
tanh−1 (tanh ([

cosh (max { ℓ(α2)
2

, ℓ(α3)
2

})
cosh (min { ℓ(α2)

2
, ℓ(α3)

2
})

]
ℓ(α1)

4
))

<
1

2
e

C2
(n+1)2

for C2 > 0 and for n ≥ 1. Get the same upper bound for ℓ1 similarly for C2 > 0 and for

n ≥ 1.

Remark B.2. Lemma B.1 is still true when ℓ(α1) and ℓ(α3) are close and α2 is a puncture.

We will require the following estimates. Refer to the beginning of Appendix B and Figure
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8.3 for the definitions of Π and f(P̃ ).

Lemma B.3. We prove inequalities 1-3 in f(P̃ ) and inequality 4 in Π. Let A = max{ ℓ(α2)
2

, ℓ(p)}.

1. ℓ(b1) ≤ D for some D > 0, depending on A.

2. Assume 0 ≤ x ≤ ℓ(oP ). Then

1

1− [tanh ℓ(p) coshx]2
≤ c

for some c > 0, depending on A.

3. Assume 0 ≤ x ≤ ℓ(oP ). Then

tanh−1 (tanh ℓ(p) coshx) ≤ c tanh ℓ(p) coshx

for some c > 0, depending on A.

4. If cosh ℓ(α3)
2

≤ 2, then ℓ(p) ≳ ℓ(α1).

Proof. Let s be the length of the geodesic sub-arc of o2,3 from a1 to α2. By a formula [9,

Theorem 7.18.1] for right-angled pentagons,

sinh ℓ(a1) sinh ℓ(p) = cosh
ℓ(α2)

2
and sinh s sinh

ℓ(α2)

2
= cosh ℓ(p).

A formula for Lambert quadrilaterals [11, Theorem 2.3.1(v)] gives

sinh ℓ(b1) = sinh ℓ(p) cosh ℓ(a1) and sinh ℓ(b1) = sinh
ℓ(α2)

2
cosh s.

We will use the fact that cosh, sinh, and sinh−1 are increasing and positive on R+. Let

D = sinh−1 (sinhA cosh (sinh−1 (cothA))). If ℓ(p) ≤ ℓ(α2)
2

, then

ℓ(b1) = sinh−1(sinh(
ℓ(α2)

2
) cosh(sinh−1(

cosh(ℓ(p))

sinh( ℓ(α2)
2

)
)))

≤ sinh−1(sinh(A) cosh(sinh−1(coth(A)))).

(17)
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Otherwise,

ℓ(b1) = sinh−1(sinh(ℓ(p)) cosh(sinh−1(
cosh( ℓ(α2)

2
)

sinh(ℓ(p))
)))

≤ sinh−1(sinh(A) cosh(sinh−1(coth(A)))).

(18)

Therefore, by (17), (18), and the definition of D, we obtain

ℓ(b1) ≤ D. (19)

From two formulas [11, Theorem 2.3.1(i) and (iii)] for Lambert quadrilaterals and basic

computations,

tanh ℓ(b1) = tanh ℓ(p) cosh ℓ(oP ). (20)

Consider x such that 0 ≤ x ≤ ℓ(oP ). Use cosh x and tanh−1 x are increasing, (20), and (19)

to obtain

tanh−1 (tanh ℓ(p) coshx) ≤ tanh−1 (tanh ℓ(p) cosh ℓ(oP )) = ℓ(b1) ≤ D,

1

1− [tanh ℓ(p) coshx]2
≤ cosh2D.

This implies tanh ℓ(p) coshx ≤ tanhD. Using the convexity of tanh−1 x on [0, tanhD], we

get

tanh−1 (tanh ℓ(p) coshx) ≤ E tanh ℓ(p) coshx.

for some E > 0, where the size ofE depends on how small tanhD is. Let c = max{cosh2(D), E}

to attain inequalities (2) and (3) in Lemma B.3. Using (15) and (16), we obtain that, if

ℓ(α3) ≤ ℓ(α2), then

ℓ(p) = tanh−1 sinh ℓ(α1)
2

cosh
ℓ(α3)

2

cosh
ℓ(α2)

2

+ cosh ℓ(α1)
2

≥ tanh−1 sinh ℓ(α1)
2

1 + cosh ℓ(α1)
2

=
ℓ(α1)

4
.
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If ℓ(α2) < ℓ(α3), using the inequality (14) and the assumption cosh ℓ(α3)
2

≤ 2 we get

ℓ(p) > tanh−1(tanh ([
cosh ℓ(α2)

2

cosh ℓ(α3)
2

]
ℓ(α1)

4
)) ≳ ℓ(α1).
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Appendix C

The sub-arc oP of the geodesic arc between two boundary cuffs of a pair of pants of a

decomposition of X in quadrilateral P lifts to the arc [i, eℓ(oP )i] on the y-axis. Each point w

in the lift P̃ of quadrilateral P belongs to the lift γ̃w0 of some geodesic arc γw0 orthogonal

to oP with foot w0 on oP . Note that γ̃w0 is a geodesic arc orthogonal to the y-axis and to

its right. Map γ̃w0 by an isometry f to the Euclidean segment orthogonal to [0, ℓ(oP )] and

below the x-axis for each w0 in oP (see Figure 8.3). That completely defines f on P̃ . We

define f similarly on Q̃, R̃, and S̃. The definition of f is exactly the same as in Section 8.2.

Consider the inverse g = f−1 of the diffeomorphism f defined on the lift P̃ , Q̃, R̃, or

S̃ of P , Q, R, or S in the front of a pair of pants Π. In this section we explain how g is

quasiconformal with a quasiconformal constant that is bounded above by k0 =
1+csch2(D)

coth(D) csch(D)
.

Proposition C.1. The diffeomorphisms f from P̃ , Q̃, R̃, and S̃ to C is quasiconformal

with quasiconformal constant bounded above by k0 =
1+csch2(D)

coth(D) csch(D)
.

Proof. We obtain a diffeomorphism f from P̃ to C with quasiconformal constant bounded

by k0. Extend the result generally to every additional case. The inverse map g of f sends a

point z = x+ iy to w such that |w| = ex and arg(w) = tan−1(csch(−y)). Thus, g is defined

at z = x+ iy by

g(z) = f−1(z) = exei tan
−1(csch(−y)) = e

z+z̄
2 ei tan

−1(csch( z̄−z
2i

)).
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The dilatation of g at z = x+ iy, denoted by K(z), is

K(z) =
1 + csch2(−y)

coth(−y) csch(−y)
.

The value of −y in f(P̃ ) is bounded above by ℓ(b1), which is bounded above by a positive

constant D (see Lemma B.3(1)). Note

1 + csch2(−y)

coth(−y) csch(−y)

is decreasing with respect to negative y. Thus, g = f−1 is quasiconformal with quasiconfor-

mal constant bounded above by

k0 =
1 + csch2(D)

coth(D) csch(D)
.
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